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Wkh sdshu h{whqgv Gldprqg*v +4<;7, dqdo|vlv ri qdqfldo lqwhuphgld0
wlrq wr doorz iru ulvn dyhuvlrq ri wkh lqwhuphgldu|1 Dv lq wkh fdvh ri ulvn
qhxwudolw|/ wkh djhqf| frvwv ri h{whuqdo ixqgv surylghg wr dq lqwhuphgldu|
duh uhodwlyho| vpdoo li wkh lqwhuphgldu| lv qdqflqj pdq| hqwuhsuhqhxuv
zlwk lqghshqghqw uhwxuqv1 Hyhq wkrxjk wkh lqwhuphgldu| lv dgglqj udwkhu
wkdq vxeglylglqj ulvnv/ wkh xqghuo|lqj odujh0qxpehuv dujxphqw lv qrw lq0
ydolgdwhg e| wkh suhvhqfh ri ulvn dyhuvlrq1
Zlwk ulvn dyhuvlrq ri hqwuhsuhqhxuv dv zhoo dv wkh lqwhuphgldu|/ qdq0
fldo lqwhuphgldwlrq surylghv lqvxudqfh dv zhoo dv qdqfh1 Lq frqwudvw wr
hduolhu uhvxowv rq rswlpdo lqwhuphgldwlrq srolflhv xqghu ulvn qhxwudolw|/ wkh
sdshu vkrzv wkdw zkhq dq lqwhuphgldu| lv qdqflqj pdq| hqwuhsuhqhxuv
zlwk lqghshqghqw uhwxuqv/ rswlpdo lqwhuphgldwlrq srolflhv pxvw vkliw uh0
wxuq ulvnv dzd| iurp ulvn dyhuvh hqwuhsuhqhxuv dqg lpsrvh wkhp rq wkh
lqwhuphgldu| ru rq qdo lqyhvwruv1
Nh| Zrugv= Ilqdqfldo Lqwhuphgldwlrq/ Doorfdwlrq ri Ulvnv
Mrxuqdo ri Hfrqrplf Olwhudwxuh Fodvvlfdwlrq Qxpehuv= G;3/ J53
4 Lqwurgxfwlrq
Wkh sxusrvh ri wklv sdshu lv wr vwxg| wkh lpsdfw ri ulvn dyhuvlrq rq qdqfldo
lqwhuphgldwlrq lq wkh djhqf| frvw dssurdfk wr qdqfldo uhodwlrqv1 Wzr txhvwlrqv
zloo eh dgguhvvhg= Iluvw/ zkdw lv wkh lpsdfw ri ulvn dyhuvlrq rq wkh yldelolw| ri
qdqfldo lqwhuphgldwlrqB Vhfrqg/ zkdw lv wkh lpsdfw ri ulvn dyhuvlrq rq wkh
ulvn doorfdwlrq lq d qdqfldo v|vwhp edvhg rq lqwhuphgldwlrqB
Wkh sdshu orrnv dw qdqfldo lqwhuphgldwlrq dv d uhodwlrq lqyroylqj wkuhh vhwv
ri sod|huv/ lqwhuphgldulhv/ upv dqg krxvhkrogv1 Pxfk ri wkh uhfhqw olwhudwxuh
kdv whqghg wr irfxv rq hlwkhu wkh uhodwlrq ehwzhhq lqwhuphgldulhv dqg upv ru
wkh uhodwlrq ehwzhhq lqwhuphgldulhv dqg krxvhkrogv14 Lq suhvxplqj wkdw wklv lv
WL zlvk wr wkdqn Sdwulfn Erowrq dqg wkuhh uhihuhhv iru vrph yhu| khosixo frpphqwv1 L dp
dovr judwhixo iru uhvhdufk vxssruw iurp wkh Ghxwvfkh Iruvfkxqjvjhphlqvfkdiw1
4Vhh/ h1j1/ Gldprqg +4<<4,/ Ilvfkhu +4<<3,/ Vkdush +4<<3,/ Fdorplulv dqg Ndkq +4<<4,/
Udmdq +4<<5,/ Khoozlj +4<<7,/ yrq Wkdgghq +4<<5/ 4<<8,1 Lq frqwudvw/ Ehvdqnr dqg Ndqdwdv
+4<<6, dv zhoo dv Erowrq dqg Iuhl{dv +4<<;, gr frqvlghu lqwhuphgldwlrq dv d zkroh> krzhyhu/
wkh| wdnh iru judqwhg wkdw wkh odz ri odujh qxpehuv fdq eh uholhg xsrq1
4
vx!flhqw iru wkh dqdo|vlv ri lqwhuphgldwlrq/ wklv olwhudwxuh lv wdnlqj iru judqwhg
wkdw wkh lvvxh ri yldelolw| ri qdqfldo lqwhuphgldwlrq kdv ehhq uhvroyhg1
Yldelolw| lv dq lvvxh ehfdxvh lqwhuphgldwlrq ohqjwkhqv wkh fkdlq ri wudqvdf0
wlrqv dqg suhvxpdeo| zlghqv wkh vfrsh iru prudo kd}dug1 Lqwhuphgldwhg qdqfh
lqyroyhv djhqf| frvwv ri kdylqj krxvhkrogv surylgh ixqgv wr lqwhuphgldulhv dv
zhoo dv djhqf| frvwv ri lqwhuphgldulhv surylglqj ixqgv wr upv1 Wkh yldelolw|
ri qdqfldo lqwhuphgldwlrq wkhq ghshqgv rq krz wkh ryhudoo djhqf| frvwv ri
lqwhuphgldwhg qdqfh frpsduhv wr wkh djhqf| frvwv ri gluhfw qdqfh15 Zlwk0
rxw dgglwlrqdo dqdo|vlv lw lv xvxdoo| lqdghtxdwh wr frqvlghu lqwhuphgldu|0up
uhodwlrqv ru lqwhuphgldu|0krxvhkrog uhodwlrqv lq lvrodwlrq1
Wkh txhvwlrq ri yldelolw| kdv ehhq dgguhvvhg e| Gldprqg +4<;7, dqg e|
Nudvd dqg Yloodplo +4<<5,1 Dvvxplqj ulvn qhxwudolw| dqg xvlqj d odujh0qxpehuv
dujxphqw/ wkh| vxjjhvwhg wkdw wkh djhqf| frvwv ri kdylqj krxvhkrogv surylgh
ixqgv wr dq lqwhuphgldu| pd| eh uhodwlyho| vpdoo li wkh lqwhuphgldu| lq wxuq
surylghv ixqgv wr pdq| hqwuhsuhqhxuv zlwk vwrfkdvwlfdoo| lqghshqghqw uhwxuqv1
Ohqglqj wr pdq| hqwuhsuhqhxuv zlwk lqghshqghqw uhwxuqv surylghv wkh lqwhuph0
gldu| klpvhoi zlwk d uhodwlyho| ulvnohvv uhwxuq sdwwhuq1 Wklv hqdeohv klp wr lqfxu
d uhwxuq0lqghshqghqw sd|phqw reoljdwlrq wr wklv rzq qdqflhuv zlwkrxw pxfk
ri d ghidxow ulvn1 Wkh djhqf| frvw ri klv rzq h{whuqdo qdqfh lv wkhq qhjoljleoh6
dqg wkh dvvhvvphqw ri lqwhuphgldwhg qdqfh ghshqgv vroho| rq wkh djhqf| frvwv
dvvrfldwhg zlwk wkh lqwhuphgldu|*v ohqglqj rshudwlrqv1 Wkh pdlq uhvxowv ri Gl0
dprqg +4<;7, ru Nudvd dqg Yloodplo +4<<5, vkrzhg wkdw li wkh lqwhuphgldu|
lv qdqflqj dqg prqlwrulqj vx!flhqwo| pdq| lqghshqghqw hqwuhsuhqhxuv/ wkhq
wkh h!flhqf| ri lqwhuphgldwhg qdqfh uhodwlyh wr gluhfw qdqfh ghshqgv rqo|
rq krz wkh djhqf| frvwv dvvrfldwhg zlwk wkh lqwhuphgldu|*v ohqglqj rshudwlrqv
frpsduh wr wkh djhqf| frvwv ri gluhfw qdqfh iru wkh vdph hqwuhsuhqhxuv1 Li
wkhuh lv hqrxjk glyhuvlfdwlrq dfurvv eruurzhuv/ d qrq}hur frvw dgydqwdjh ri
wkh lqwhuphgldu| lq ohqglqj zloo rxwzhljk wkh glvdgydqwdjh wkdw wkh lqwhuphgl0
du|*v rzq h{whuqdo qdqfh lqyroyhv dgglwlrqdo djhqf| frvwv/ wkh odujh0qxpehuv
dujxphqw lpso|lqj wkdw wkh odwwhu duh uhodwlyho| qhjoljleoh1
Lq wkh dqdo|vlv ri Gldprqg dv zhoo dv Nudvd dqg Yloodplo/ wkh dvvxpswlrq
ri ulvn qhxwudolw| ri wkh qdqfldo lqwhuphgldu| lv xvhg wr qrupdol}h wkh lqwhu0
phgldu|*v wrwdo uhwxuq e| wkh qxpehu ri surmhfwv kh qdqfhv1 Zkhuhdv wkh
lqwhuphgldu|*v dfwxdo uhwxuq fruuhvsrqgv wr d vlpsoh vxp ri udqgrp uhwxuqv
lq klv ghdolqjv zlwk hqwuhsuhqhxuv l @ 4> ===> Q / wkh odz ri odujh qxpehuv lv d
vwdwhphqw derxw vxpv ri udqgrp yduldeohv qrupdol}hg e| wkh qxpehu ri whupv
lq wkh vxp1 Li wkh lqwhuphgldu| lv ulvn qhxwudo/ wkhuh lv qr sureohp derxw iru0
pxodwlqj wkh lqwhuphgldu|*v fkrlfh ryhu ohqglqj srolflhv lq whupv ri qrupdol}hg
5 Lq wklv sdshu wkh txhvwlrq ri yldelolw| ri qdqfldo lqwhuphgldwlrq lv dgguhvvhg vroho| lq
whupv ri uhodwlyh h!flhqf|1 L qhjohfw wkh txhvwlrq udlvhg e| \dqhooh +4<<:, ri zkdw wklv phdqv
lq whupv ri vwudwhjlf lqwhudfwlrqv lq wkh pdunhwv iru ixqgv1
6Wklv dvvxphv wkdw prudo kd}dug lv olplwhg wr sureohpv ri vwdwh yhulfdwlrq dqg hruw fkrlfh
dqg wkdw wkhuh lv qr frqfhuq derxw ulvn fkrlfhv +Khoozlj +4<<;d,,1 Li wkh lqwhuphgldu| kdv
glvfuhwlrq ryhu wkh h{whqw ri glyhuvlfdwlrq lq klv ohqglqj srolf|/ wkh zhoo nqrzq skhqrphqrq
ri h{fhvvlyh ulvn wdnlqj lqgxfhg e| ghew qdqfh pd| suhfoxgh wkh lqwhuphgldu|*v pdnlqj
h!flhqw xvh ri dydlodeoh glyhuvlfdwlrq rssruwxqlwlhv> Gldprqg*v odujh0qxpehuv dujxphqw pd|
wkhq eh dowrjhwkhu prrw +Khoozlj +4<<;e,,1
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udwkhu wkdq dfwxdo vxpv ri uhwxuqv iurp glhuhqw hqwuhsuhqhxuv= Dv klv yrq
Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrq x+=, lv rqo| ghqhg xs wr d prqrwrqh/
d!qh wudqvirupdwlrq rqh fdq dozd|v uhsodfh lw e| x+=,@Q / dqg li x+=, lwvhoi lv
olqhdu/ wklv srvhv wkh sureohp ri fkrrvlqj d ohqglqj srolf| lq whupv ri qrupdo0
l}hg udwkhu wkdq dfwxdo vxpv ri uhwxuqv ryhu wkh glhuhqw srwhqwldo eruurzhuv1
Li wkh lqwhuphgldu| lv ulvn dyhuvh/ x+=, lv qrqolqhdu/ wklv ghylfh lv qrw dydlodeoh/
dqg wkh odujh0qxpehuv dujxphqwv xvhg e| Gldprqg +4<;7, dv zhoo dv Nudvd dqg
Yloodplo +4<<5, fdqqrw eh dssolhg1
Iurp wkh jhqhudo wkhru| ri ghflvlrqv xqghu xqfhuwdlqw|/ lw lv zhoo nqrzq wkdw
zkhq ulvnv duh dgghg udwkhu wkdq vxeglylghg ulvn dyhuvh djhqwv dvvhvvlqj odujh
frpsrxqgv ri lqghshqghqw udqgrp yduldeohv pd| qrw sd| pxfk dwwhqwlrq wr wkh
odz ri odujh qxpehuv1 Jlyhq wkh qrqolqhdulwlhv lq wkhlu xwlolw| ixqfwlrqv/ wkh|
pd| eh dvvljqlqj vr pxfk zhljkw wr wkh orvvhv iurp odujh qhjdwlyh ghyldwlrqv
iurp wkh phdq ru vr olwwoh zhljkw wr wkh jdlqv iurp odujh srvlwlyh ghyldwlrqv iurp
wkh phdq wkdw frqvlghudwlrqv ri ulvn dhfw wkhlu fkrlfhv hyhq lq vlwxdwlrqv lq
zklfk wkh odz ri odujh qxpehu pljkw eh h{shfwhg wr frph lqwr sod| +Vdpxhovrq
+4<96,,1 Dv Gldprqg +4<;7, klpvhoi srlqwhg rxw/ wklv udlvhv wkh txhvwlrq krz
urexvw klv uhvxow lv wr wkh lqwurgxfwlrq ri ulvn dyhuvlrq1
Wkh suhvhqw sdshu vhwwohv wklv txhvwlrq/ vkrzlqj wkdw wkh pdlq frqfoxvlrq
derxw wkh yldelolw| ri qdqfldo lqwhuphgldwlrq lv ydolg hyhq zkhq wkh lqwhuph0
gldu| lv ulvn dyhuvh1 Wkh sdshu uholhv rq dujxphqwv xvhg e| Qlhovhq +4<;8, dqg
Khoozlj +4<<8, wr vkrz wkdw li d ghflvlrq pdnhu*v ulvn suhihuhqfhv vdwlvi| fhuwdlq
dgglwlrqdo dvvxpswlrqv/ wkh odz ri odujh qxpehuv zloo eh uhohydqw iru wkh fkrlfh
ehwzhhq odujh vxpv ri lqghshqghqw udqgrp yduldeohv/dqg wkh fkrlfh ehwzhhq
vxfk vxpv zloo eh jxlghg e| h{shfwhg ydoxhv li rqo| wkh qxpehu ri vxppdqgv
lq wkh frpsrxqgv lv vx!flhqwo| odujh1 Lw vr kdsshqv wkdw/ lq wkh suhvhqw frq0
wh{w/ wkh dgglwlrqdo dvvxpswlrqv ri Qlhovhq +4<;8, dqg Khoozlj +4<<8, duh qrw
hyhq qhhghg ehfdxvh wkh frqwudfwv xvhg e| lqwhuphgldulhv wr rewdlq wkhlu rzq
qdqfh douhdg| ghixvh wkh hhfwv ri odujh qhjdwlyh ghyldwlrqv wkdw zhuh vwuhvvhg
e| Vdpxhovrq +4<96,17
Lqghhg wkh sdshu jrhv d vwhs ixuwkhu dqg vkrzv wkdw li wkhuh duh pdq| hq0
wuhsuhqhxuv zlwk vwrfkdvwlfdoo| lqghshqghqw uhwxuqv/ dq rswlpdo lqwhuphgldwlrq
srolf| uhtxluhv wkh lqwhuphgldu| wr dvvxph dssur{lpdwho| doo ulvnv ri wkh hq0
wuhsuhqhxuv dqg/ ghshqglqj rq klv rzq ulvn suhihuhqfhv/ wr nhhs wkhp ru wr vkliw
wkhp rq wr qdo lqyhvwruv +lq dq lqfhqwlyh0frpsdwleoh zd|,1 Wklv frqwudvwv zlwk
wkh fdvh ri ulvn qhxwudolw| lq zklfk lw lv rswlpdo iru hqwuhsuhqhxuv wr eh qdqfhg
e| vwdqgdug ghew frqwudfwv/ uhwdlqlqj dv pxfk ri wkhlu uhwxuq ulvn dv lv frp0
sdwleoh zlwk wkhlu frqvxpswlrq ehlqj qrqqhjdwlyh +Nudvd +4<;;,,1 Zlwk ulvn
dyhuvlrq/ rswlpdo lqwhuphgldwlrq srolflhv surylgh qdo eruurzhuv zlwk lqvxudqfh
dv zhoo dv qdqfh1
Wkh dqdo|vlv xvhv Gldprqg*v +4<;7, prgho ri qdqfldo frqwudfwlqj zlwk lq0
whuphgldwlrq dv ghohjdwhg prqlwrulqj1 L pljkw kdyh xvhg dq| rwkhu prgho iurp
7Zkhuhdv Gldprqg +4<;7, uholhg rq Fkhe|vkhy*v lqhtxdolw|/ wkh dujxphqw khuh uholhv rq
Ehuqvwhlq*v lqhtxdolw| +Uìq|l +4<:<,/ s1 657, surylglqj iru h{srqhqwldo frqyhujhqfh lq wkh odz
ri odujh qxpehuv1 H{srqhqwldo frqyhujhqfh zdv dovr xvhg e| Nudvd dqg Yloodplo +4<<5, lq
wkhlu dqdo|vlv ri lqwhuphgldwlrq lq d frvwo|0vwdwh0yhulfdwlrq iudphzrun1
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wkh olwhudwxuh/ dqg lqghhg wkh dqdo|vlv ehduv gluhfwo| rq prvw ri wkh olwhudwxuh*v
fodlp wr eh ghdolqj zlwk lqwhuphgldwlrq1 Vwulfwo| vshdnlqj/ lq whupv ri prgho
phfkdqlfv/ lw lv qrw dozd|v fohdu wkdw d sdshu rq qdqfldo lqwhuphgldwlrq lv derxw
lqwhuphgldwlrq dw doo1 Zkdw lv odehoohg dv edqn qdqfh ri upv/ whqgv wr eh
h{foxvlyh qdqfh e| rqh qdqflhu> wklv qdqflhu lv fdoohg edqn1 Iru vwudwhjlf
dv zhoo dv whfkqlfdo uhdvrqv/ wkhuh pd| eh dgydqwdjhv wr kdylqj h{foxvlylw| lq
qdqfh18 Krzhyhu wr lqwhusuhw h{foxvlyh qdqfh dv edqn qdqfh/ rqh pxvw
suhvxph wkdw +l, wkh surylvlrq ri h{foxvlyh qdqfh wr upv uhtxluhv wkh lqwhuyhq0
wlrq ri dq lqwhuphgldu|/ dqg +ll, wkh surylvlrq ri ixqgv iurp krxvhkrogv wr wkh
lqwhuphgldu| lqyroyhv qr ixuwkhu gl!fxowlhv1 Jlyhq wkh xqghuo|lqj ylhz wkdw
doo qdqflqj uhodwlrqv duh ehvhw e| djhqf| sureohpv/ wklv odwwhu suhvxpswlrq
uhtxluhv vrph mxvwlfdwlrq1
Vxfk d mxvwlfdwlrq pxvw eh edvhg rq d yduldwlrq ri Gldprqg*v +4<;7, dujx0
phqw/ zlwk zklfk wklv sdshu lv frqfhuqhg1 Dv L kdyh glvfxvvhg hovhzkhuh +Khoozlj
+4<<4,,/ Gldprqg*v dujxphqw fdq eh xvhg txlwh phfkdqlfdoo| wr wxuq dq| prgho
ri h{foxvlyh qdqfh lqwr d prgho ri lqwhuphgldwhg qdqfh1 Wkh suhvhqw sdshu
vkrzv wkdw rqh grhv qrw hyhq kdyh wr frqvlghu zkhwkhu wkh lqwhuphgldulhv lq
txhvwlrq pljkw eh ulvn dyhuvh1
Lq wkh iroorzlqj/ Vhfwlrq 5 ghyhorsv wkh edvlf prgho ri lqfhqwlyh frqwudfw0
lqj1 Vhfwlrqv 6 dqg 7 pryh rq wr wkh dqdo|vlv ri lqwhuphgldwlrq1 Vhfwlrq 6
h{whqgv Gldprqg*v uhvxow rq wkh yldelolw| ri lqwhuphgldwhg qdqfh wr wkh fdvh
ri ulvn dyhuvlrq/ vkrzlqj wkdw li wkh lqwhuphgldu|*v frvw ri prqlwrulqj dq| rqh
hqwuhsuhqhxu lv ohvv wkdq wkh djhqf| frvw ri gluhfw qdqfh dqg li wkh qxpehu
ri hqwuhsuhqhxuv zlwk pxwxdoo| lqghshqghqw surmhfw uhwxuqv lv vx!flhqwo| odujh/
wkhq wkh djhqf| frvw ri lqwhuphgldwhg qdqfh lv ohvv wkdq wkdw ri gluhfw qdqfh>
wkh djhqf| frvw ri wkh lqwhuphgldu|*v rzq h{whuqdo qdqfh lv uhodwlyho| qhjol0
jleoh1 Vhfwlrq 7 pryhv rq wr vkrz wkdw dq rswlpdo lqwhuphgldwlrq srolf| zloo
lqyroyh wkh dvvxpswlrq ri doo uhwxuq ulvnv e| wkh lqwhuphgldu| zkr uholhv rq wkh
odz ri odujh qxpehuv wr surylgh hqrxjk glyhuvlfdwlrq ri wkhvh ulvnv1 Wkh odvw
wzr vhfwlrqv frqvlghu wkh urexvwqhvv ri wkh dqdo|vlv1 Vhfwlrq 8 doorzv iru wkh srv0
vlelolw| wkdw djhqwv h{klelw ulvn dyhuvlrq zlwk uhvshfw wr ghidxow shqdowlhv dv zhoo
dv frqvxpswlrq1 Vhfwlrq 9 h{whqgv wkh uhvxowv ri wkh sdshu wr wkh Nudvd0Yloodplo
+4<<5, prgho ri lqwhuphgldwlrq edvhg rq rxwfrph0frqwlqjhqw prqlwrulqj/ zlwk
krxvhkrogv prqlwrulqj wkh lqwhuphgldu| +dqg ehdulqj wkh frvwv, zkhq kh gh0
idxowv dv zhoo dv wkh lqwhuphgldu| prqlwrulqj hqwuhsuhqhxuv1
8Whfkqlfdo hhfwv ri h{foxvlylw| lq wkh surylvlrq ri qdqfh dulvh iurp hfrqrplhv ri vfdoh
lq prqlwrulqj/ vhh/ h1j1/ Gldprqg +4<;7,/ Nudvd dqg Yloodplo +4<<5,/ ru yrq Wkdgghq +4<<8,1
Vwudwhjlf hhfwv frqfhuq edujdlqlqj srzhu dqg edujdlqlqj frvwv lq uhqhjrwldwlrqv/ vhh/ h1j1/
Ilvfkhu +4<<3,/ Vkdush +4<<3,/ ru Erowrq dqg Iuhl{dv +4<<;,1 Qhjdwlyh hhfwv ri edujdlqlqj
srzhu iurp h{foxvlylw| duh vwuhvvhg e| Udmdq +4<<5, dqg yrq Wkdgghq +4<<5,1 Wkh pdlq
dujxphqwv duh +s,uhylhzhg lq Khoozlj +4<<4,1
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5 Lqfhqwlyh Frqwudfwlqj zlwk Qrqolqhdu Xwlolw|
Dv lq Gldprqg +4<;7,/ d uhsuhvhqwdwlyh hqwuhsuhqhxu kdv d yhqwxuh wkdw uhtxluhv
d {hg lqyhvwphqw L A 3 dqg ehduv d udqgrp uhwxuq |1 Wkh udqgrp yduldeoh
| kdv d suredelolw| glvwulexwlrq J zlwk d ghqvlw| j/ zklfk lv frqwlqxrxv dqg
vwulfwo| srvlwlyh rq wkh lqwhuydo ^3> \ `1 Wkh h{shfwhg uhwxuq | @
U
| gJ+|, ri
wkh yhqwxuh lv vwulfwo| juhdwhu wkdq wkh frvw L/ l1h1/
| A L= +4,
Wkh rzqhu2pdqdjhu ri wkh yhqwxuh/ zlwk rzq ixqgv zH  3/ zdqwv wr udlvh
h{whuqdo qdqfh/ hlwkhu ehfdxvh klv rzq ixqgv duh wrr vpdoo dqg kh qhhgv dg0
glwlrqdo ixqgv wr xqghuwdnh wkh lqyhvwphqw dw doo/ ru ehfdxvh kh zdqwv wr dyrlg
frpplwwlqj doo ri klv rzq ixqgv wr wkh yhqwxuh dqg kh suhihuv wr vkduh wkh ulvn
ri wkh yhqwxuh zlwk rwkhuv1
Rxwvlgh qdqflhuv nqrz wkh uhwxuq glvwulexwlrq J/ exw 0 lq frqwudvw wr wkh
hqwuhsuhqhxu 0 wkh| duh xqdeoh wr revhuyh wkh uhdol}dwlrqv ri wkh uhwxuq udqgrp
yduldeoh |1 Wkh djhqf| sureohpv fdxvhg e| wklv lqirupdwlrq dv|pphwu| fdq
eh uhgxfhg e| wkh xvh ri qrqshfxqldu| shqdowlhv dv d ghylfh wr glvfrxudjh plv0
uhsruwlqj ri uhwxuq uhdol}dwlrqv1 Wkh hqwuhsuhqhxu zkr kdv hduqhg d srvlwlyh
uhwxuq zloo uhiudlq iurp fodlplqj wkdw kh kdv qrw hduqhg dq|wklqj dqg wkhuhiruh
fdqqrw sd| dq|wklqj li vxfk d fodlp lqgxfhv dq dssursuldwh shqdow|1 Dv lq Gl0
dprqg +4<;7,/ wkh shqdowlhv duh ghwhuplqhg hqgrjhqrxvo| dv sduw ri wkh qdqfh
frqwudfw1
D qdqfh frqwudfw lv uhsuhvhqwhg e| d qxpehu O lqglfdwlqj wkh ixqgv sur0
ylghg e| rxwvlgh qdqflhuv dqg e| wzr ixqfwlrqv u+=, dqg s+=, vxfk wkdw iru dq|
} 5 ^3> \ `/ u+}, lv wkh sd|phqw wr qdqflhuv dqg s+},  3 lv wkh qrqshfxqldu|
shqdow| wkh hqwuhsuhqhxu vxhuv zkhq kh uhsruwv wkdw klv uhwxuq uhdol}dwlrq lv
htxdo wr }1 Zlwk rxwvlgh ixqgv O/ klv rzq qdqfldo frqwulexwlrq wr klv surmhfw
lv H @ LO  zH 1 Dq| h{fhvv ri zH ryhu H lv lqyhvwhg lq dq dowhuqdwlyh dvvhw/
zklfk ehduv d vdih uhwxuq dw d jurvv udwh ri uhwxuq htxdo wr rqh1
Jlyhq d qdqfh frqwudfw +O> u+=,> s+=,,/ wkh hqwuhsuhqhxu*v frqvxpswlrq lv
zH .O L . | u+}, li wkh wuxh uhwxuq uhdol}dwlrq lv | dqg wkh uhsruwhg uhwxuq
uhdol}dwlrq lv }> wkh fruuhvsrqglqj sd|r uhdol}dwlrq lv x+zH.OL.|u+},,
s+},1 D frqwudfw +O> u+=,> s+=,, lv vdlg wr eh ihdvleoh li zH . O L  3 dqg
zH . O L . |  u+|,  3 +5,
iru doo | 5 ^3> \ `/ vr wkh hqwuhsuhqhxu*v frqvxpswlrq lv qhyhu qhjdwlyh> lw lv
lqfhqwlyh frpsdwleoh li lw lv ihdvleoh dqg pruhryhu
xH+zH . O L . |  u+|,, s+|,  xH+zH . O L . |  u+},, s+}, +6,
iru doo | 5 ^3> \ ` dqg doo } 5 ^3> \ ` vxfk wkdw zH . O L . |  u+},1
Wkh xwlolw| ixqfwlrq xH+=, lv dvvxphg wr eh vwulfwo| lqfuhdvlqj dqg vwulfwo|
frqfdyh dv zhoo dv wzlfh frqwlqxrxvo| glhuhqwldeoh rq ?..> pruhryhu/ xH+3, @
8
olpf$3xH+f,/ zlwk wkh xvxdo frqyhqwlrqv zkhq olpf$3xH+f, @ 41 Jlyhq
wkhvh dvvxpswlrqv/ vwdqgdug dujxphqwv iurp lqfhqwlyh wkhru| |lhog=
Sursrvlwlrq 4 D qdqfh frqwudfw +O> u+=,> s+=,, vdwlvi|lqj +5, iru doo | 5 ^3> \ `
lv lqfhqwlyh frpsdwleoh li dqg rqo| li +l, wkh ixqfwlrq u+=, lv qrqghfuhdvlqj rq
^3> \ ` dqg +ll, iru doo | 5 ^3> \ `/
s+|, @ s+\ , .
] \
|
x3H+zH . O L . { u+{,, gu+{,= +7,
D surri ri Sursrvlwlrq 4 lv jlyhq lq Khoozlj +4<<;f,1 Wkh sursrvlwlrq vkrzv
wkdw xs wr d frqvwdqw ri lqwhjudwlrq/ s+\ ,> wkh shqdow| ixqfwlrq s+=, lv hqwluho|
ghwhuplqhg e| wkh dprxqw ri ixqgv O wkdw duh udlvhg dqg wkh uhsd|phqw ixqfwlrq
u+=,1 Wklv pdnhv lw hdv| wr frpsxwh h{shfwhg sd|rv1 Wkh hqwuhsuhqhxu*v
h{shfwhg sd|r iurp dq lqfhqwlyh0frpsdwleoh frqwudfw lv htxdo wr=
] \
3




Xsrq xvlqj +7, wr vxevwlwxwh iru s+|, dqg lqwhjudwlqj wkh uhvxowlqj grxeoh lqwh0
judo e| sduwv/ rqh qgv wkdw wklv lv htxdo wr
] \
3




x3H+zH . O L . |  u+|,, J+|, gu+|, s+\ ,= +9,
Ixqgv duh surylghg e| krxvhkrogv1 Iru vlpsolflw|/ doo krxvhkrogv duh wdnhq
wr kdyh wkh vdph fkdudfwhulvwlfv/ dq lqlwldo zhdowk zK A 3/ dqg d yrq Qhxpdqq0
Prujhqvwhuq xwlolw| ixqfwlrq xK+=,= Wkh xwlolw| ixqfwlrq xK+=, lv dvvxphg wr eh
vwulfwo| lqfuhdvlqj dqg frqfdyh dv zhoo dv wzlfh frqwlqxrxvo| glhuhqwldeoh rq
?..= Gluhfw qdqfh ri dq hqwuhsuhqhxu wkurxjk d qdqfh frqwudfw +O> u+=,> s+=,,
lqyroyhv krxvhkrog k surylglqj d vkduh k ri wkh ordq O dqg uhfhlylqj d vkduh
k ri wkh uhsd|phqw u+|,> krxvhkrogv duh xqdhfwhg e| wkh shqdow| s+|,= Jlyhq
wkdw krxvhkrogv duh lghqwlfdo/ wkhuh lv qr orvv ri jhqhudolw| lq dvvxplqj wkdw
wkh vkduhv K duh doo wkh vdph/ l1h1/ wkdw k @ 4@K iru doo k> zkhuh K lv wkh
ryhudoo qxpehu ri krxvhkrogv1 Li wkh hqwuhsuhqhxu lq txhvwlrq lv wkh rqo| rqh
uhfhlylqj ixqgv dqg wkhuh lv dovr d vdih dvvhw zlwk d udwh ri uhwxuq htxdo wr rqh/
wkh krxvhkrog*v h{shfwhg xwlolw| iurp surylglqj qdqfh wkurxjk dq lqfhqwlyh0
frpsdwleoh frqwudfw +O> u+=,> s+=,, lv htxdo wr H xK+zK O@K. u+|,@K,= Li wkh
krxvhkrog*v dowhuqdwlyh lv wr lqyhvw wkh hqwluh zhdowk zK lq wkh vdih dvvhw/ kh







+O u+|,,, gJ+|,  xK+zK,= +:,
9
Dq dffhswdeoh lqfhqwlyh0frpsdwleoh qdqfh frqwudfw +O> u+=,> s+=,, lv fdoohg rs0
wlpdo li lw pd{lpl}hv wkh hqwuhsuhqhxu*v h{shfwhg sd|r +9, ryhu wkh vhw ri doo
dffhswdeoh lqfhqwlyh0frpsdwleoh frqwudfwv1
Dv glvfxvvhg lq Khoozlj +4<<;f, iru wkh fdvh zkhq krxvhkrogv duh ulvn qhxwudo/
rswlpdo qdqfh frqwudfwv duh gl!fxow wr fkdudfwhul}h1 Wkh| gr qrw vhhp wr
kdyh dq| vljqlfdqw txdolwdwlyh surshuwlhv wkdw duh urexvw wr fkdqjhv lq wkh
vshflfdwlrq ri ulvn suhihuhqfhv dqg2ru wkh glvwulexwlrq ixqfwlrq J= Irupdoo|
wkh sureohp ri fkrrvlqj dq rswlpdo lqfhqwlyh0frpsdwleoh qdqfh frqwudfw fdq eh
wuhdwhg dv dq rswlpxp0frqwuro sureohp lq zklfk wkh hqwuhsuhqhxu*v frqvxpswlrq
f+|, =@ zH . O L . |  u+|, +;,
lv wkh vwdwh yduldeoh dqg wkh vorsh ri f+=, wkh frqwuro1 Wkh sureohp ri pd{0
lpl}lqj +9, ryhu wkh vhw ri dffhswdeoh lqfhqwlyh0frpsdwleoh qdqfh frqwudfwv
+O> u+=,> s+=,, lv htxlydohqw wr wkh sureohp ri fkrrvlqj d frqvwdqw s+\ , dqg d










x3H+f+|,, J+|, g|  s+\ , +43,






+zH . |  L  f+|,,, gJ+|,  xK+zK,> +44,
f+|,  3> +45,
dqg
f+|, f+},  |  } +46,
iru doo | 5 ^3> \ ` dqg doo } 5 ^3> |`1
Zlwkrxw jrlqj lqwr ghwdlov/ L qrwh wkh iroorzlqj=
 Jlyhq frqglwlrq +4,/ li K lv vx!flhqwo| odujh/ wkh vhw ri dffhswdeoh frq0
wudfwv lv qrqhpsw|/ frqwdlqlqj lq sduwlfxodu wkh frqwudfw jhqhudwlqj wkh
frqvxpswlrq sdwwhuq f+=, vxfk wkdw f+|,  zH =
 Li wkh vhw ri dffhswdeoh frqwudfwv lv qrqhpsw|/ dq rswlpdo lqfhqwlyh 0 frp0
sdwleoh frqwudfw h{lvwv1 Li x33H+=, lv d vwulfwo| lqfuhdvlqj ixqfwlrq/ h1j1/ li wkh
hqwuhsuhqhxu h{klelwv qrqlqfuhdvlqj devroxwh ulvn dyhuvlrq/ wkh rswlpdo
frqwudfw lv xqltxh lq wkh vhqvh wkdw frqvxpswlrq sdwwhuqv fruuhvsrqglqj
wr glhuhqw rswlpdo frqwudfwv doo frlqflgh rq +3> \ `1
 Dq rswlpdo lqfhqwlyh0frpsdwleoh frqwudfw vdwlvhv s+\ , @ 3= Wkh frqvwdqw
ri lqwhjudwlrq lq +7, dqg +43, kxuwv wkh hqwuhsuhqhxu zlwkrxw khoslqj klv
qdqflhuv1
:
 Wkh frqvxpswlrq sdwwhuq f+=, xqghu dq rswlpdo lqfhqwlyh0frpsdwleoh frq0
wudfw pxvw vdwlvi| d vxlwdeoh dqdorjxh ri Srqwu|jlq*v frqglwlrqv iru wkh
jlyhq frqwuro sureohp1 Vshflfdoo|/ wkhuh h{lvw d Odjudqjh pxowlsolhu  iru
wkh frqvwudlqw +44, dqg d frvwdwh yduldeoh #+=, vxfk wkdw iru dq| | 5 ^3> \ `>
g#
g|
 x33H+f+|,, J+|, .  x
3
K+zK . +zH . |  L  f+|,,@K, j+|,>
zlwk htxdolw| li f+|, A 3> +47,
#+|,  3> zlwk htxdolw| xqohvv lq d qhljkerxukrrg ri | +48,




#+\ , @ x3H+f+\ ,, dqg #+3, @ 31 +49,
Li x33H+=, lv d vwulfwo| lqfuhdvlqj ixqfwlrq/ wkhvh frqglwlrqv/ wrjhwkhu zlwk
wkh frqvwudlqwv +44,0+46, duh vx!flhqw dv zhoo dv qhfhvvdu| iru f+=, wr eh
pd{lpl}lqj +43, xqghu wkh jlyhq frqvwudlqwv1
Rswlpdo lqfhqwlyh0frpsdwleoh frqwudfwv duh gl!fxow wr fkdudfwhul}h ehfdxvh
ulvn vkdulqj dqg lqfhqwlyh frpsdwlelolw| frqvlghudwlrqv lqwhudfw lq lqwulfdwh zd|v=
Ulvn vkdulqj frqvlghudwlrqv vxjjhvw wkdw ulvnv vkrxog eh vkliwhg dzd| iurp wkh
hqwuhsuhqhxu/ h1j1/ e| kdylqj wkh sd|phqw u+|, eh kljk zkhq | lv kljk dqg orz
zkhq | lv orz/ vr wkdw f+|, zrxog eh vrphzkdw lqvxodwhg iurp yduldwlrq lq |=
Vxfk ulvn vkliwlqj wkrxjk uhtxluhv qrqshfxqldu| shqdowlhv> dv lqglfdwhg e| wkh
vhfrqg whup lq +9, dqg +<, wkh vl}h ri wkhvh shqdowlhv ghshqgv rq x3H+f+|,,>
zklfk phdqv wkdw/ dw wkh pdujlq/ ulvn vkliwlqj pd| eh xqghvludeoh dqg f+|,
pd| eh fkrvhq wr eh vhqvlwlyh wr | zkhq x3H+f+|,, lv odujh1 Wkh wudghr eh0
wzhhq ulvn vkdulqj hhfwv dqg shqdowlhv pd| dfwxdoo| jlyh ulvh wr lqwhulru vr0
oxwlrqv zlwk f+|, A 3 dqg gf
g|
? 4> dv lqglfdwhg e| +47, dqg +48,/ wklv hqwdlov
x33H+f+|,, J+|, .  x
3
K j+|, @ 3/ vkrzlqj wkdw rswlpdo frqvxpswlrq sdwwhuqv
zloo eh txlwh vhqvlwlyh wr wkh vshflfdwlrq ri xH+=,> xK+=,> dqg J=
Iruwxqdwho|/ wkh dqdo|vlv ri wklv sdshu grhv qrw kdyh wr uho| rq dq| ghwdlohg
nqrzohgjh ri rswlpdo frqwudfwv1 Zkhuh gluhfw qdqfh lv frqfhuqhg/ lw zloo eh
hqrxjk wr nqrz wkdw rswlpdo lqfhqwlyh0frpsdwleoh frqwudfwv h{lvw/ dqg wkdw/
ehfdxvh ri wkh lpshuihfwqhvv ri ulvn vkdulqj dqg2ru wkh xvh ri qrqshfxqldu|
shqdowlhv/ wkh fhuwdlqw| htxlydohqwv azKH ri wkhvh frqwudfwv iru wkh hqwuhsuhqhxu
duh vwulfwo| ohvv wkdq dqg erxqghg dzd| iurp wkh vxp ri wkh hqwuhsuhqhxu*v rzq
lqlwldo zhdowk dqg wkh h{shfwhg vxusoxv jhqhudwhg e| wkh surmhfw/
N =@ zH . |  L= +4:,
Wr vhh wklv/ qrwh wkdw +44, lpsolhv
] \
3
f+|, gJ+|,  N> +4;,
;
vr iru dq| K/ azKH lv ohvv wkdq wkh fhuwdlqw| htxlydohqw azH ri wkh vroxwlrq wr wkh
sureohp ri pd{lpl}lqj +43, vxemhfw wr +4;,/ +45,/ dqg +46,> ehfdxvh ri lpshuihfw
ulvn vkdulqj dqg2ru wkh xvh ri qrqshfxqldu| shqdowlhv/ azH lv fhuwdlqo| ohvv wkdq
N1 Wkh glhuhqfh N  azH lq wxuq surylghv d phdvxuh ri wkh djhqf| frvw ri
gluhfw qdqfh lq dq hfrqrp| zlwk pdq| krxvhkrogv +K $ 4, zkhuh xqghu
v|pphwulf lqirupdwlrq wkh hqwuhsuhqhxu zrxog rewdlq zlwk shuihfw lqvxudqfh dv
zhoo dv qdqfh1
Zkhuh lqgluhfw qdqfh lv frqfhuqhg/ L vkdoo eh lqwhuhvwhg lq wkh vfrsh iru lq0
whuphgldwlrq zkhq lqwhuphgldulhv duh qdqfhg e| rswlpdo lqfhqwlyh0frpsdwleoh
frqwudfwv1 Wklv vfrsh lv fhuwdlqo| qr vpdoohu wkdq wkh vfrsh iru lqwhuphgldwlrq
zkhq lqwhuphgldulhv duh qdqfhg e| vlpsohu frqwudfwv zklfk duh qrw qhfhvvdulo|
rswlpdo1 Lq wklv vslulw/ wkh irupdo dujxphqwv wkdw L xvh zloo uho| rq frqwudfwv
wdnlqj wkh irup ri ghew1
E| d vwdqgdug ghew frqwudfw zlwk plqlpxp olylqj doorzdqfh % L zloo xqghu0
vwdqg dq lqfhqwlyh0frpsdwleoh frqwudfw +O> u+=,> s+=,, vxfk wkdw iru vrph {hg
%  3 dqg a| 5 +3> \ ,> rqh kdv
u+|, @ zH . O L .plq+|> a|, % +4<,
iru doo | 5 ^3> \ `1 Lq wklv frqwudfw/ wkh dprxqw zH . O  L . a|  % uhsuhvhqwv
d uhwxuq0lqghshqghqw ghew vhuylfh reoljdwlrq1 Li wkh hqwuhsuhqhxu fdq phhw
wklv reoljdwlrq/ kh grhv vr dqg uhwdlqv wkh h{fhvv ri klv dfwxdo uhwxuq | ryhu
wkh fulwlfdo uhwxuq ohyho a| dv zhoo dv wkh olylqj doorzdqfh %= Li kh fdqqrw phhw
klv reoljdwlrq/ kh ghidxowv dqg uhwdlqv mxvw wkh olylqj doorzdqfh %1 Iru | ? a|/
lqfhqwlyh frpsdwlelolw| uhtxluhv wkdw kh ehdu d shqdow| zklfk lv htxlydohqw wr wkh
dprxqw ri prqh| wkdw kh vdyhv e| sd|lqj u+|, udwkhu wkdq u+a|,1 Lqghhg/ zkhq




+%, pd{+3> a|  |,= +53,











Lq Gldprqg +4<;7,/ vwdqgdug ghew frqwudfwv zlwk d }hur olylqj doorzdqfh duh
vkrzq wr eh rswlpdo zkhq wkh hqwuhsuhqhxu lv ulvn qhxwudo1 Iru d jlyhq uhwxuq
glvwulexwlrq J+=, zkrvh ghqvlw| j lv erxqghg dzd| iurp }hur/ wklv uhvxow fdq
eh h{whqghg wr wkh fdvh zkhuh wkh hqwuhsuhqhxu*v ulvn dyhuvlrq lv hyhu|zkhuh
vx!flhqwo| orz> krzhyhu/ lw qr orqjhu krogv zkhq wkh hqwuhsuhqhxu*v devroxwh
ulvn dyhuvlrq lv +orfdoo|, xqerxqghg/ h1j1/ li x3+3, @4 +Khoozlj +4<<;f,,1
<
6 Lqwhuphgldwhg Ilqdqfh
Wr vwxg| wkh vfrsh iru lqwhuphgldwhg qdqfh/ L dvvxph wkdw wkhuh duh Q hq0
wuhsuhqhxuv ri wkh vruw frqvlghuhg vr idu dqg KQ @ QP krxvhkrogv1 Iru vlp0
solflw|/ wkh fkdudfwhulvwlfv ri wkh hqwuhsuhqhxuv duh wdnhq wr eh doo lghqwlfdo h{
dqwh1 Hyhu| hqwuhsuhqhxu kdv wkh vdph lqlwldo zhdowk ohyho zH  3> wkh vdph
yrq Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrq xH+=,/ dqg dq lqyhvwphqw surmhfw
zlwk wkh vdph lqyhvwphqw frvw L dqg wkh vdph uhwxuq glvwulexwlrq J+=,1 Wkh
uhwxuq udqgrp yduldeohv |4> ===> |Q ri wkh glhuhqw hqwuhsuhqhxuv duh dvvxphg wr
eh pxwxdoo| lqghshqghqw1
Lq wkh devhqfh ri qdqfldo lqwhuphgldwlrq/ hdfk hqwuhsuhqhxu l zloo uhfhlyh
gluhfw qdqfh wkurxjk dq lqfhqwlyh0frpsdwleoh frqwudfw +Ol> ul+=,> sl+=,, dv glv0
fxvvhg lq wkh suhfhglqj vhfwlrq1 Dvvxplqj wkdw iru l @ 4> 5> ===> Q> wkhvh frq0
wudfwv duh vkduhg vkduhg hyhqo| ehwzhhq krxvhkrogv/ dq| rqh krxvhkrog zlwk
lqlwldo zhdowk zK dqg yrq Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrq xK+=, zloo re0
wdlq wkh h{shfwhg sd|r HxK+zK .
SQ
m@4+um+|m,Om,,@QP,/ dqg lv zloolqj wr
















+um+|m, Om,, gJ+|4,===gJ+|Q ,= +55,
Wdnlqj Wd|oru h{sdqvlrqv dqg xvlqj wkh lqghshqghqfh ri uhwxuqv dfurvv hq0
wuhsuhqhxuv/ rqh fdq uhzulwh +55, lq wkh irup
] \
3
ul+|l, gJ+|l,  Ol . r+4@QP, +56,
zkhuh r+4@QP, lv d whup wkdw jrhv wr }hur dv QP jrhv rxw ri erxqgv1 Wkxv li
wkhuh duh pdq| krxvhkrogv surylglqj ixqgv wr wkh hqwuhsuhqhxu/ frqglwlrq +55, lv
voljkwo| vwurqjhu wkdq wkh uhtxluhphqw wkdw
U \
3
ul+|l, gJ+|l,  Ol/ l1h1/ wkdw wkh
h{shfwhg ghew vhuylfh fryhuv wkh rssruwxqlw| frvw ri wkh ordq Ol= Lq ylhz ri +;,/
wklv lq wxuq lv htxlydohqw wr frqglwlrq +4;,/ wkh frqglwlrq wkdw wkh hqwuhsuhqhxu*v
h{shfwhg frqvxpswlrq eh qr juhdwhu wkdq N @ zH.|L1 Zkhq wkh qxpehu ri
krxvhkrogv lv odujh/ wkh fhuwdlqw| htxlydohqw ri dq rswlpdo lqfhqwlyh0frpsdwleoh
gluhfw0qdqfh frqwudfw zloo wkhuhiruh eh dssur{lpdwho| htxdo wr/ exw voljkwo| ohvv
wkdq azH / wkh fhuwdlqw| htxlydohqw ri d frqvxpswlrq sdwwhuq wkdw pd{lpl}hv +43,
vxemhfw wr +4;,/ +45,/ dqg +46,1 Dv glvfxvvhg deryh/ azH lv vwulfwo| ohvv wkdq N>
khuh dv lq Vhfwlrq 5/ wkh glhuhqfh N azH A 3 surylghv d phdvxuh ri wkh djhqf|
frvw ri gluhfw qdqfh zkhq wkhuh duh pdq| krxvhkrogv1
Dv dq dowhuqdwlyh wr gluhfw qdqfh/ L frqvlghu wkh srvvlelolw| wkdw dq| rqh
hqwuhsuhqhxu l rewdlqv d ordq Ol iurp dq lqwhuphgldu|/ zkrp kh surplvhv wr
uhsd| dq dprxqw l+|l,  zH . Ol  L . |l zkhq uhwxuqv duh uhdol}hg1 Wkh
43
lqwhuphgldu| prqlwruv wkh hqwuhsuhqhxu*v uhwxuqv vr lqfhqwlyh frpsdwlelolw| lv
qrw dq lvvxh lq fkrrvlqj wkh uhsd|phqw vshflfdwlrq1 Krzhyhu/ wr prqlwru
hqwuhsuhqhxu l/ wkh lqwhuphgldu| pxvw vshqg D xqlwv ri prqh|19 Wkhvh uhvrxufhv
pxvw eh frpplwwhg dw wkh wlph ri wkh lqlwldo lqyhvwphqw/ l1h1/ ehiruh wkh uhwxuq
|l lv dfwxdoo| uhdol}hg1 Wkh| frpsulvh wkh frvwv ri pdnlqj wkh lqirupdwlrq derxw
|l yhuldeoh wr wkh frxuwv li wklv vkrxog eh qhfhvvdu| iru frqwudfw hqirufhphqw1
Jlyhq wkdw h{ dqwh wkh hqwuhsuhqhxuv duh doo dolnh/ wkhuh lv qr orvv ri jhqhudo0
lw| lq dvvxplqj wkdw ordqv dqg uhsd|phqw reoljdwlrqv zloo eh wkh vdph iru doo ri
wkhp1 D ohqglqj srolf| ri wkh lqwhuphgldu| lv wkhq jlyhq e| d sdlu +O> +=,, vxfk
wkdw O lv wkh ordq rhuhg wr dq| rqh hqwuhsuhqhxu dqg +=, lv wkh uhsd|phqw
ixqfwlrq1 Jlyhq d ohqglqj srolf| +O>+=,,/ wkh lqwhuphgldu| klpvhoi hduqv wkh
jurvv uhwxuq } @
SQ
l@4 +|l,= Wklv lv dvvxphg wr eh xqrevhuydeoh e| rxwvlgh
qdqflhuv1: Wkh lqwhuphgldu|*v rzq qdqflqj sureohp lv wkhuhiruh d vshfldo
fdvh ri wkh qdqflqj sureohp xqghu dv|pphwulf lqirupdwlrq wkdw zdv vwxglhg
lq Vhfwlrq 5/ zlwk | uhsodfhg e| } @
SQ
l@4 +|l, dqg wkh lqyhvwphqw L uhsodfhg
e| wkh lqwhuphgldu|*v h{shqglwxuhv QO.QD iru qdqfh dqg iru prqlwrulqj1 D
qdqfh frqwudfw iru wkh lqwhuphgldu| zloo eh d wulsoh +G> uL+=,> sL+=,, vxfk wkdw
G lv wkh wrwdo ghsrvlw ri qdo lqyhvwruv zlwk wkh lqwhuphgldu|/ uL+=, lv d ixqfwlrq
lqglfdwlqj wkh ghshqghqfh ri wkh lqwhuphgldu|*v uhsd|phqw rq klv rzq uhwxuq
}/ dqg sL+=, lv d ixqfwlrq lqglfdwlqj wkh qrqshfxqldu| shqdowlhv vxhuhg e| wkh
lqwhuphgldu| lq rughu wr hvwdeolvk lqfhqwlyh frpsdwlelolw| ri wkh frqwudfw1 Wkh
frpelqdwlrq ri d ohqglqj srolf| +O> +=,, dqg d qdqfh frqwudfw +G> uL+=,> sL+=,,
iru wkh lqwhuphgldu| zloo eh uhihuuhg wr dv dq lqwhuphgldwlrq srolf|1
Dq lqwhuphgldwlrq srolf| +O> +=,> G> uL+=,> sL+=,, zloo eh fdoohg ihdvleoh li
wkh ohqglqj srolf| +O> +=,, vdwlvhv z . O L  3 dqg
z . O L . |  +|,  3 +57,
iru doo | 5 ^3> \ `/ dqg li pruhryhu wkh qdqfh frqwudfw +G> uL+=,> sL+=,, ri
wkh lqwhuphgldu| lv ihdvleoh> dq lqwhuphgldwlrq srolf| +O> +=,> G> uL+=,> sL+=,,
lv fdoohg lqfhqwlyh frpsdwleoh li lw lv ihdvleoh/ dqg pruhryhu wkh lqwhuphgldu|*v
qdqfh frqwudfw +G> uL+=,> sL+=,, lv lqfhqwlyh0frpsdwleoh/ l1h1/ li dqg rqo| li iru




+|l,/ rqh kdv hlwkhu
xL+zL .G QOQD. }  uL+},, sL+},
 xL+zL .GQOQD. }  uL+},, sL+}, +58,
9Wkh dvvxpswlrq wkdw prqlwrulqj frvwv duh h{shqghg lq wkh irup ri prqh| udwkhu wkdq
hruw lv qrw hvvhqwldo iru wkh dqdo|vlv1 Lqghhg vlqfh prqlwrulqj frvwv lq wkh irup ri prqh|
dgg wr wkh lqwhuphgldu|*v qdqflqj uhtxluhphqwv/ wklv dvvxpswlrq pdnhv lw pruh gl!fxow wr
hvwdeolvk wkh yldelolw| ri lqwhuphgldwlrq1 Li prqlwrulqj frvwv zhuh h{shqghg lq wkh irup ri
hruw/ Sursrvlwlrq 5 zrxog eh wkdw pxfk hdvlhu wr hvwdeolvk1
:Jlyhq wkh dvvxpswlrq wkdw prqlwrulqj surylghv lqirupdwlrq derxw + wkdw lv yhuldeoh e|
wkh frxuwv/ wklv dvvxpswlrq pd| vhhp sureohpdwlf1 Dv lq Gldprqg +4<;7,/ wkh xqghuo|lqj
qrwlrq khuh lv wkdw M lv rq wkh rughu ri *c vr rq wkh rughu ri  krxvhkrogv duh qhhghg
wr qdqfh rqh hqwuhsuhqhxu*v lqyhvwphqw U1 Li  lv d odujh qxpehu/ pdnlqj wkh uhvxow ri
prqlwrulqj + yhuldeoh e|  lqyhvwruv pd| eh surklelwlyho| frvwo|/ pxfk frvwolhu wkdq pdnlqj
lw yhuldeoh e| mxvw wkh frxuwv1
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ru zL.GQOQD.} ? uL+},> khuh xL+=, lv wkh lqwhuphgldu|*v yrq Qhxpdqq0
Prujhqvwhuq xwlolw| ixqfwlrq dqg zL lv klv rzq lqlwldo zhdowk1
Wkh xwlolw| ixqfwlrq xL+=, lv dvvxphg wr kdyh wkh vdph surshuwlhv dv wkh
hqwuhsuhqhxuv* xwlolw| ixqfwlrq xH+=,/ l1h1/ lw lv vwulfwo| lqfuhdvlqj dqg vwulfwo|
frqfdyh dv zhoo dv wzlfh frqwlqxrxvo| glhuhqwldeoh rq ?..> pruhryhu/ xL+3, @
olpf$3 xL+f,/ zlwk wkh xvxdo frqyhqwlrqv zkhq olpf$3 xL+f, @ 41
Jlyhq wkhvh dvvxpswlrqv/ Sursrvlwlrq 4 lpsolhv wkdw dq lqwhuphgldwlrq srolf|
+O>+=,> G> uL+=,> sL+=,, iru wkh lqwhuphgldu| lv lqfhqwlyh frpsdwleoh li dqg rqo|
li wkh ixqfwlrq uL+=, lv qrqghfuhdvlqj dqg pruhryhu iru doo } dqg } lq wkh udqjh











+zL .G QOQD. { uL+{,, guL+{,= +59,
Dq lqfhqwlyh0frpsdwleoh lqwhuphgldwlrq srolf| +O> +=,> G> uL+=,> sL+=,, jhq0
hudwhv wkh h{shfwhg sd|rv
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xH+zH . O L . |  +|,, gJ+|, +5:,
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+|l,,G,, gJ+|4,===gJ+|Q , +5<,
iru krxvhkrogv dv wkh qdo lqyhvwruv1 Wkh lqwhuphgldwlrq srolf| +O> +=,> G> uL+=,>
sL+=,, lv vdlg wr eh dffhswdeoh wr wkh lqwhuphgldu|/ li klv h{shfwhg sd|r +5;, lv
dw ohdvw dv juhdw dv xL+zL,/ klv sd|r lq wkh devhqfh ri lqwhuphgldwlrq> wkh srolf|
lv dffhswdeoh wr qdo lqyhvwruv li wkhlu h{shfwhg sd|r +5<, lv dw ohdvw dv juhdw
dv xK+zK,1 Dq lqfhqwlyh0frpsdwleoh lqwhuphgldwlrq srolf| wkdw lv dffhswdeoh
wr erwk/ krxvhkrogv dqg wkh lqwhuphgldu|/ lv fdoohg yldeoh1
Wkh uvw pdmru uhvxow ri wklv sdshu lv qrz vwdwhg dv=
Sursrvlwlrq 5 Dvvxph wkdw wkh frvw D ri prqlwrulqj dq hqwuhsuhqhxu lv vwulfwo|
ohvv wkdq wkh djhqf| frvw N  azH ri gluhfw qdqfh zkhq wkhuh duh pdq| krxvh0
krogv1 Wkhq iru dq| vx!flhqwo| odujh Q / wkhuh h{lvwv d yldeoh lqfhqwlyh0frpsdwleoh




+=,, zklfk pdnhv hqwuhsuhqhxuv
vwulfwo| ehwwhu r wkdq dq| lqfhqwlyh0frpsdwleoh frqwudfw iru gluhfw qdqfh wkdw
lv dffhswdeoh wr krxvhkrogv1
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Surri1 Lw zloo eh xvhixo wr vnhwfk wkh edvlf lghd ehiruh jlylqj dq| ghwdlov1
Wkh ghvluhg lqwhuphgldwlrq srolflhv zloo eh vshflhg dv srolflhv xqghu zklfk
iru vrph vx!flhqwo| vpdoo % A 3> +l, wkh hqwuhsuhqhxuv duh ohiw zlwk wkh vdih
frqvxpswlrq azH . %> dqg +ll, wkh lqwhuphgldu| rewdlqv wkh ixqgv kh qhhgv wr
qdqfh klv ohqglqj dqg prqlwrulqj wkurxjk d ghew frqwudfw zlwk d plqlpxp
olylqj doorzdqfh zL . % dqg d ghew vhuylfh reoljdwlrq a|
Q @ Q+|  %,= Xqghu
wkhvh lqwhuphgldwlrq srolflhv/ hqwuhsuhqhxuv duh wulyldoo| ehwwhu r wkdq xqghu
gluhfw qdqfh/ vr wkh rqo| txhvwlrq lv zkhwkhu wkhvh srolflhv duh yldeoh1 Wkh
lqwhuphgldu| ghidxowv rq wkh reoljdwlrq Q+| %, wr qdo lqyhvwruv li dqg rqo| liS





|l ? |  %= +63,
E| Ehuqvwhlq*v lqhtxdolw| +vhh/ h1j1/ Uìq|l +4<:<,/ s1 657,/ wkh suredelolw| ri
wklv hyhqw jrhv wr }hur/ h{srqhqwldoo| lq Q> dv Q ehfrphv odujh1 Iurp +53,/
zlwk xL+=, lq wkh sodfh ri xH+=, dqg wkh jlyhq olylqj doorzdqfh dqg ghew vhuylfh
reoljdwlrq/ rqh dovr vhhv wkdw wkh lqwhuphgldu|*v shqdow| lq wkh hyhqw ri ghidxow
lv erxqghg deryh e| x3
L
+zL . %, a|
Q @ x3
L
+zL . %, Q+| %,/ zklfk lqfuhdvhv mxvw
olqhduo| lq Q=; Wkhuhiruh/ dv Q jrhv rxw ri erxqgv/ wkh h{shfwhg ydoxh ri wkh
lqwhuphgldu|*v qrqshfxqldu| shqdow| pxvw jr wr }hur dqg pxvw hyhqwxdoo| eh
rxwzhljkhg e| wkh idfw wkdw wkh jlyhq lqwhuphgldwlrq srolf| surylghv klp zlwk
wkh frqvxpswlrq zL.%.pd{^3>
S
|lQ+|%,` A zL = Dv iru wkh qdo lqyhvwruv/
dv Q jrhv rxw ri erxqgv dqg wkh suredelolw| ri ghidxow ydqlvkhv/ wkhlu uhfhlswv/
qrupdol}hg e| Q / frqyhujh doprvw vxuho| wr |  %= Jlyhq wkdw wkh prqlwrulqj
frvw D lv ohvv wkdq wkh djhqf| frvw ri gluhfw qdqfh/ wklv wxuqv rxw wr eh hqrxjk
wr fryhu wkh rssruwxqlw| frvw ri wkhlu ixqgv surylghg wkdw % A 3 lv vx!flhqwo|
vpdoo1
Wr pdnh wkh dujxphqw suhflvh/ ohw  =@ N  azH  D ghqrwh wkh glhuhqfh
ehwzhhq wkh djhqf| frvw ri gluhfw qdqfhzkhq wkhuh duh pdq| krxvhkrogv dqg
wkh prqlwrulqj frvw D/ dqg vhw % =@ @8= Iru dq| Q / frqvlghu wkh lqwhuphgldwlrq





OQ @ L  zH . azH . %> +64,
Q +|,  |> +65,
GQ @ QOQ .QD. %> +66,
;Wklv dujxphqw sdudoohov wkh rqh xqghuo|lqj Sursrvlwlrq 4/ s1 79:/ ri Qlhovhq +4<;8, ru
Wkhruhp 5/ s1 638/ ri Khoozlj +4<<8,/ vhh dovr Vhfwlrq 8 ehorz1 Zkhuhdv wkrvh sdshuv vwduw
iurp d jlyhq yrq Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrq wkdw lv ghqhg rq doo ri ^c wkh dqdo|vlv
khuh kdv wkh lqwhuphgldu|*v frqvxpswlrq uhvwulfwhg wr ^n dqg xvhv qrqshfxqldu| shqdowlhv










+zL . %, pd{^3> Q+|  %, }`= +68,
Dv phqwlrqhg deryh/ wklv lqyroyhv d vwdqgdug ghew frqwudfw iru wkh lqwhuphgldu|
zlwk plqlpxp olylqj doorzdqfh zL .% dqg ghew vhuylfh reoljdwlrq Q+| %,1 E|
Sursrvlwlrq 4/ wklv frqwudfw lv lqfhqwlyh0frpsdwleoh= +67, hqvxuhv wkdw uQ
L
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+=, vdwlvi| +7,1 D qdo





















|l> |  %` O
Q
D %,,gJ+|4,===gJ+|Q ,=
E| wkh odz ri odujh qxpehuv/ lq frpelqdwlrq zlwk Ohehvjxh*v erxqghg 0 frqyhu0












+ 7%,, A xK+zK,> +69,
dqg wkh lqwhuphgldwlrq srolf| lv dffhswdeoh wr qdo lqyhvwruv1
Dv iru wkh qdqfldo lqwhuphgldu|/ klv h{shfwhg sd|r iurp wkh lqwhuphgldwlrq
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 xL+zL . %, x
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L+zL . %, Q+|  %, Sui
SQ
l@4 |l@Q  |  %j= +6:,
E| Ehuqvwhlq*v lqhtxdolw|/ wkhuh h{lvwv d frqvwdqw D+%, A 3 vxfk wkdw iru dq| Q
Sui
SQ
l@4 |l@Q  |  %j  5 h
QD+%,= +6;,
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Khqfh +6:, lpsolhv wkdw wkh lqwhuphgldu|*v h{shfwhg sd|r iurp wkh lqwhuphgl0
dwlrq srolf| +OQ > Q +=,> GQ > uQL +=,> s
Q
L +=,, lv qr ohvv wkdq
xL+zL . %, 5 x
3
L+zL . %, Q+|  %, h
QD+%,= +6<,
Vlqfh olpQ$4Qh
QD+%, @ 3> lw iroorzv wkdw iru dq| vx!flhqwo| odujh Q / wklv
lv odujhu wkdq xL+zL,> wkh lqwhuphgldu|*v sd|r li kh uhpdlqv lqdfwlyh1 Lq
frpelqdwlrq zlwk +69,/ wklv vkrzv wkdw iru dq| vx!flhqwo| odujh Q wkh srolf|
+OQ > Q +=,> GQ > uQL +=,> s
Q
L +=,, lv yldeoh1
Ilqdoo|/ dq hqwuhsuhqhxu*v sd|r iurp wkh jlyhq lqwhuphgldwlrq srolf| lv=
]
xH+zH . O
Q  L . |  Q +|,, gJ+|, @ xH+ azH . %,= +73,
Dv glvfxvvhg deryh/ wkh dffhswdelolw| frqglwlrq +55, iru dq lqfhqwlyh0frpsdwleoh
frqwudfw iru gluhfw qdqfh lv vrphzkdw vwurqjhu wkdq wkh euhdn0hyhq frqgl0
wlrq +56,/ vr e| ghqlwlrq ri azH / wkh hqwuhsuhqhxu*v h{shfwhg sd|r iurp dq|
lqfhqwlyh0frpsdwleoh dqg dffhswdeoh frqwudfw iru gluhfw qdqfh fdqqrw eh juhdwhu
wkdq xH+ azH,= Vlqfh xH+ azH, ? xH+ azH.%,> wkh lqwhuphgldwlrq srolf| +O
Q > Q +=,>
GQ > uQL +=,> s
Q
L +=,, ixoov wkh fodlp pdgh lq wkh sursrvlwlrq1
Sursrvlwlrq 5 lv h{dfwo| Gldprqg*v uhvxow/ jhqhudol}hg wr doorz iru ulvn dyhu0
vlrq ri wkh hqwuhsuhqhxuv dqg wkh lqwhuphgldu|1 Zlwk ulvn dyhuvlrq/ dv zlwk ulvn
qhxwudolw|/ ghohjdwlrq frvwv/ l1h1/ wkh djhqf| frvwv dvvrfldwhg zlwk wkh lqwhuphgl0
du|*v rzq qdqfh frqwudfw/ duh qhjoljleoh li wkh qxpehu ri lqghshqghqw surmhfwv
qdqfhg e| wkh lqwhuphgldu| lv vx!flhqwo| odujh1 Dv lq Gldprqg +4<;7,/ wkh
uhodwlyh dvvhvvphqw ri lqwhuphgldwhg qdqfh dqg gluhfw qdqfh wkhq klqjhv rqo|
rq wkh frpsdulvrq ri wkh lqwhuphgldu|*v prqlwrulqj frvwv zlwk wkh djhqf| frvwv
ri gluhfw qdqfh zkhq wkhuh duh pdq| qdo lqyhvwruv1
7 Lqwhuphgldwlrq dqg Ulvn Vkdulqj
Lq wkh suhfhglqj dqdo|vlv/ lqwhuphgldwlrq surylghv iru lqvxudqfh dv zhoo dv 0
qdqfh1 Wkh lqwhuphgldwlrq srolf| frqvlghuhg lq +64,0+68, vkliwv doo uhwxuq ulvnv
iurp hqwuhsuhqhxuv wr wkh lqwhuphgldu|1 Wklv vxjjhvwv wkdw lqwhuphgldwhg 0
qdqfh pd| eh dgydqwdjhrxv ehfdxvh lw surylghv iru ulvn vkdulqj/ vr wkh hq0
wuhsuhqhxuv pd| surw iurp lqwhuphgldwlrq hyhq lq vlwxdwlrqv zkhuh z h{fhhgv
L dqg lw zrxog eh ihdvleoh wr gr zlwkrxw h{whuqdo qdqfh dowrjhwkhu1 Wkh hq0
wuhsuhqhxuv zdqw vrpherg| hovh wr vkduh wkhlu ulvnv> dv d zd| wr dfklhyh wklv/
lqwhuphgldwlrq zlwk prqlwrulqj pd| eh pruh hhfwlyh ru fkhdshu wkdq gluhfw
qdqfh zlwk lqfhqwlyh frqwudfwlqj1
Iroorzlqj xs rq wklv revhuydwlrq/ wkh suhvhqw vhfwlrq orrnv dw wkh doorfd0
wlrq ri ulvnv xqghu rswlpdo lqwhuphgldwlrq srolflhv1 Jlyhq wkdw glhuhqw fodvvhv
ri djhqwv duh lqyroyhg/ rswlpdolw| khuh lv dpeljxrxv dqg ghshqgv rq zkrvh
lqwhuhvwv rqh lv frqfhuqhg zlwk1 L zloo frqvlghu wzr fodvvhv ri Sduhwr0rswlpdo
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srolflhv/ hqwuhsuhqhxu0rulhqwhg srolflhv dqg lqwhuphgldu|0rulhqwhg srolflhv1 Dq
rswlpdo hqwuhsuhqhxu0rulhqwhg lqwhuphgldwlrq srolf| zloo eh rqh wkdw pd{lpl}hv
wkh hqwuhsuhqhxuv* h{shfwhg sd|r vxemhfw wr wkh frqglwlrq wkdw wkh srolf| eh
yldeoh/ l1h1/ wkdw wkh lqwhuphgldu|*v dqg wkh qdo lqyhvwruv* h{shfwhg sd|rv eh
dw ohdvw htxdo wr wkhlu sd|rv lq wkh devhqfh ri lqwhuphgldwlrq1 Dq rswlpdo
lqwhuphgldu|0rulhqwhg lqwhuphgldwlrq srolf| zloo eh rqh wkdw pd{lpl}hv wkh lq0
whuphgldu|*v h{shfwhg sd|r vxemhfw wr wkh frqglwlrq wkdw wkh hqwuhsuhqhxuv
dqg wkh qdo lqyhvwruv eh dw ohdvw dv zhoo r dv wkh| duh lq wkh devhqfh ri
lqwhuphgldwlrq1
Xqghu hlwkhu qrwlrq ri rswlpdolw|/ d ghwdlohg fkdudfwhul}dwlrq ri rswlpdo
lqwhuphgldwlrq srolflhv vhhpv rxw ri wkh txhvwlrq1 Rswlpdolw| ri dq lqwhuphgl0
dwlrq srolf| uhtxluhv wkdw wkh qdqfh frqwudfw +G> uL+=,> sL+=,, iru wkh lqwhu0
phgldu| eh dq rswlpdo lqfhqwlyh0frpsdwleoh frqwudfw zkhq wkh lqwhuphgldu|*v





+|l,= Dv glvfxvvhg lq Vhfwlrq 5/ wklv lpsolhv wkdw wkh irup ri wkh
djjuhjdwh fodlp uL+}, ri wkh krxvhkrog vhfwru rq wkh lqwhuphgldu| ghshqgv rq




+|l, dv zhoo dv wkh sduwlflsdqwv* ulvn suhihuhqfhv1
Hyhq li wkh glvwulexwlrq ri wkh lqwhuphgldu|*v fodlp +|l, rq dq lqglylgxdo hq0
wuhsuhqhxu kdv d vlpsoh irup/ vxfk vwuxfwxuh lv orvw dv rqh orrnv dw wkh vxpvS
Q
l@4
+|l, iru glhuhqw Q=
Hyhq zlwkrxw d ghwdlohg fkdudfwhul}dwlrq ri rswlpdo srolflhv lw lv krzhyhu srv0
vleoh wr vkrz wkdw dq| rswlpdo lqwhuphgldwlrq srolf| pxvw surylgh hqwuhsuhqhxuv
zlwk dssur{lpdwho| ixoo lqvxudqfh ri wkhlu uhwxuq ulvnv li wkh qxpehu ri hq0
wuhsuhqhxuv Q lv odujh1 Htxlydohqwo|/ li +aO> a+=,, lv d ohqglqj srolf| wkdw grhv
qrw surylgh wkh eruurzhu zlwk ixoo lqvxudqfh/ dq| lqwhuphgldwlrq srolf| lqyroy0
lqj wklv ohqglqj srolf| zloo eh grplqdwhg li Q lv vx!flhqwo| odujh1
Wkh dujxphqw grhv qrw mxvw uho| rq wkh lqwhuphgldu|*v sdvvlqj uhwxuq ulvnv
rq wr wkh qdo lqyhvwruv1 Wkh lqwhuphgldwlrq srolflhv wkdw zloo eh xvhg wr vkrz
wkdw lqwhuphgldwlrq srolflhv lqyroylqj wkh ohqglqj srolf| +aO> a+=,, duh grplqdwhg
dfwxdoo| lqyroyh ghew qdqfh ri wkh lqwhuphgldu|/ zlwk ghidxow suredelolwlhv ri
wkh lqwhuphgldu| jrlqj wr }hur dv Q ehfrphv odujh1 Dv|pswrwlfdoo|/ xqghu wkhvh
srolflhv/ wkh lqwhuphgldu| zloo eh ehdulqj doo ulvn lq wkh hfrqrp| dv glyhuvlfd0
wlrq dfurvv hqwuhsuhqhxuv pdnhv klp deoh dqg zloolqj wr dvvxph doo uhwxuq ulvnv
0 hyhq wkrxjk kh lv ulvn dyhuvh dqg lqghhg klv ulvn dyhuvlrq pd| eh erxqghg
dzd| iurp }hur1
Sursrvlwlrq 6 Dvvxph wkdw li f lv vx!flhqwo| odujh/ wkh lqwhuphgldu|*v de0




+f,> lv erxqghg deryh1 Dvvxph ixuwkhu wkdw
zH.|LD A zH zkhuh zH @ pd{+zH > azH, lv wkh ehvw wkh hqwuhsuhqhxu fdq
gr lq wkh devhqfh ri lqwhuphgldwlrq1 Iru dq| Q wkdw lv odujh hqrxjk vr wkdw wkhuh
h{lvwv d yldeoh lqwhuphgldwlrq srolf| zklfk surylghv hqwuhsuhqhxuv zlwk h{shfwhg





rswlpdo lqwhuphgldu|0rulhqwhg lqwhuphgldwlrq srolf| dqg frqvlghu wkh lqgxfhg
frqvxpswlrq sdwwhuq fQ +|l, ri hqwuhsuhqhxu l/ zkhuh/ iru dq| | 5 ^3> \ `>
fQ
H
+|, @ zH . O
Q
 L . |  Q +|,= +74,
49
Dv Q jrhv rxw ri erxqgv/ fQ
H
+|l, frqyhujhv lq glvwulexwlrq wr wkh qrqudqgrp
frqvwdqw zH =
Surri1 Lq wkh uvw vwhs ri wkh surri L jlyh dq xsshu erxqg rq wkh lqwhu0




















eh wkh lqwhuphgldu|*v frqvxpswlrq udqgrp yduldeoh xqghu wklv srolf|1 Jlyhq
wkdw wkh lqwhuphgldu| lv ulvn dyhuvh/ e| lqvshfwlrq ri +5;,/ rqh qgv wkdw iru
dq| Q> klv h{shfwhg sd|r xqghu wkh srolf| +OQ > Q +=,> GQ > uQL +=,> s
Q
L +=,,
lv erxqghg deryh e| xL+Hf
Q
L ,> wkh sd|r kh zrxog rewdlq li kh jrw Hf
Q
L iru
vxuh/ zlwkrxw dq| qrqshfxqldu| shqdowlhv1 Jlyhq wkdw wkh qdo lqyhvwruv* xwlolw|
ixqfwlrq lv dovr frqfdyh/ e| lqvshfwlrq ri +5<,/ rqh dovr qgv wkdw dffhswdelolw|
ri wkh srolf| +OQ > Q +=,> GQ > uQL +=,> s
Q




Q +|l,,  3= +76,
Xsrq frpelqlqj +75, zlwk +76, dqg +74,/ rqh wkhuhiruh rewdlqv










@ zL .Q+N D
] \
3
fQH +|, gJ+|,,= +77,
Iru dq| Q> wkh lqwhuphgldu|*v h{shfwhg sd|r iurp wkh rswlpdo lqwhuphgldu|0
rulhqwhg srolf| +OQ > Q +=,> GQ > uQL +=,> s
Q






Qrz vxssrvh wkdw wkh sursrvlwlrq lv idovh1 Wkhq iru dq| l> wkhuh h{lvwv d
vxevhtxhqfh ifQ
3
H +|l,j ri frqvxpswlrq sdwwhuqv wkdw idlov wr frqyhujh wr z lq






H +|,, gJ+|,  xH+ zH, +78,





H +|, gJ+|,  zH .  +79,





L =@ zL .Q
3+N D zH  , +7:,
4:











L +=,, lv wkxv erxqghg deryh e| xL+f
Q3
L , @ xL+zL .
Q 3+ND zH,,> iru dq| Q
3= L zloo vkrz wkdw wklv lv qrw frpsdwleoh zlwk wkh











L +=,, zkhq Q
3 lv odujh1
Iru dq| Q 3/ frqvlghu dq dowhuqdwlyh lqwhuphgldwlrq srolf| vxfk wkdw=
OQ
3
@ L  zH . zH > +7;,
Q
3





.N  zH  ,> +83,
uQ
3
L +},  plq^}> Q
3+|  @5,` +84,
sQ
3




L , pd{^3> Q
3+|  @5, }`= +85,
Xqghu wklv dowhuqdwlyh lqwhuphgldwlrq srolf|/ wkh lqwhuphgldu| qdqfhv hq0
wuhsuhqhxuv dqg surylghv wkhp zlwk d vdih frqvxpswlrq htxdo wr zH = Wkh
lqwhuphgldu| lwvhoi lv qdqfhg e| d ghew frqwudfw zlwk d ghew vhuylfh reoljd0
wlrq htxdo wr Q 3+|  @5, dqg d plqlpxp olylqj doorzdqfh htxdo wr wkh xsshu
erxqg fQ
3























ylghv hqwuhsuhqhxuv zlwk wkh sd|r xH+ zH,> vr lw vdwlvhv wkhlu sduwlflsdwlrq





























Wkh odz ri odujh qxpehuv lq frpelqdwlrq zlwk Ohehvjxh*v erxqghg frqyhujhqfh













+L  zH  O
Q 3 . zH .

7
, A xK+zK,> +86,
dv uhtxluhg iru dffhswdelolw| wr qdo lqyhvwruv1
4;
Ilqdoo|/ wkh lqwhuphgldu|*v h{shfwhg sd|r iurp wkh lqwhuphgldwlrq srolf|
+7;,0+85, lv]
^xL+zL .G
































l@4 |l  }j g}
 xL+f
Q 3












3+|  @5, Sui
SQ 3
l@4 |l@Q
3  |  @5j= +87,
Wkh dvvxpswlrq rq wkh lqwhuphgldu|*v ulvn dyhuvlrq lpsolhv wkdw iru vrph  A 3/
rqh kdv x33L +f,@x
3
L+f,   iru dq| vx!flhqwo| odujh f= E| d vwudljkwiruzdug















iru dq| vx!flhqwo| odujh Q 3> dw zklfk srlqw +87, lpsolhv wkdw wkh lqwhuphgldu|*v











L +=,, lv erxqghg ehorz e|
xL+f
Q 3










































3  |  @7
r
frq0
yhujhv wr rqh dv Q 3 ehfrphv odujh1 Pruhryhu/ Ehuqvwhlq*v lqhtxdolw| +Uìq|l






3  |  @5
r
frqyhujhv wr }hur/ h{0




3  |  @5
r
frqyhujhv wr
































, kdv ehhq vkrzq wr eh dq xsshu erxqg rq klv h{shfwhg sd|r

























+=,, fdqqrw eh rswlpdo1 Wkh dvvxpswlrq wkdw
fQ
H
+|l, idlov wr frqyhujh lq glvwulexwlrq wr z kdv wkxv ohg wr d frqwudglfwlrq dqg
pxvw eh idovh1
4<
D nh| hohphqw lq wkh surri ri Sursrvlwlrq 6 lv wkh hqgrjhqhlw| ri wkh lq0
whuphgldu|*v plqlpxp olylqj doorzdqfh1 Dv lqglfdwhg e| +85, dqg +87,/ lq wkh













phgldu|*v olylqj doorzdqfh lv htxdo wr fQ
3
L
/ zklfk jrhv rxw ri erxqgv zlwk Q 3=
Wklv lv lpsruwdqw ehfdxvh lw lpsolhv wkdw wkh pdujlqdo0xwlolw| zhljkwv lq wkh qrq0
shfxqldu| ghidxow shqdowlhv jr wr }hur dvQ 3 ehfrphv odujh1 Dv lqglfdwhg e| +89,/
wklv lq wxuq lv fuxfldo iru wkh dvvhvvphqw wkdw qrqshfxqldu| ghidxow shqdowlhv duh
qhjoljleoh uhodwlyh wr wkh frqvxpswlrq jdlqv iurp wkh dowhuqdwlyh lqwhuphgldwlrq
srolflhv1 Li wkh pdujlqdo0xwlolw| zhljkwv lq wkh qrqshfxqldu| ghidxow shqdowlhv
zhuh lqghshqghqw ri wkh qxpehu ri hqwuhsuhqhxuv wkh lqwhuphgldu| qdqfhv/ wklv
dvvhvvphqw zrxog qrw eh ydolg dq| pruh1 Dowkrxjk wkh frqvxpswlrq jdlqv iurp
wkh dowhuqdwlyh lqwhuphgldwlrq srolflhv zrxog eh odujh/ wkhlu hhfwv rq wkh lq0
whuphgldu|*v xwlolw| pljkw eh vpdoo uhodwlyh wr wkhlu hhfwv rq shqdow| frvwv dv/
h1j1/ zlwk devroxwh ulvn dyhuvlrq erxqghg dzd| iurp }hur/ klv xwlolw| lwvhoi zrxog
eh erxqghg deryh1 Li wkh lqwhuphgldu| zhuh frqvwudlqhg wr qdqfh klpvhoi e|
ghew frqwudfwv zlwk dq h{rjhqrxvo| jlyhq olylqj doorzdqfh/ wkh frqfoxvlrq ri
Sursrvlwlrq 6 zrxog wkhuhiruh qrw jhqhudoo| eh wuxh1<
Lqwhuhvwlqjo|/ wkh dqdorjrxv uhvxow iru rswlpdo hqwuhsuhqhxu0rulhqwhg lqwhu0
phgldwlrq srolflhv grhv qrw uhtxluh wkhvh hqgrjhqrxv olylqj doorzdqfhv1 Olnh
wkh surri ri Sursrvlwlrq 5/ wkh surri ri wkh iroorzlqj sursrvlwlrq uholhv rq lq0
whuphgldwlrq srolflhv wkdw lqyroyh ghew qdqfh ri wkh lqwhuphgldu| zlwk d {hg
plqlpxp olylqj doorzdqfh wkdw lv lqghshqghqw ri wkh qxpehu ri hqwuhsuhqhxuv1
Sursrvlwlrq 7 Iru dq| Q wkdw lv odujh hqrxjk vr wkdw d yldeoh lqwhuphgldwlrq




+=,, eh dq rswlpdo hqwuhsuhqhxu0
rulhqwhg lqwhuphgldwlrq srolf|/ dqg frqvlghu wkh lqgxfhg frqvxpswlrq sdwwhuq
fQ
H
+|l, ri hqwuhsuhqhxu l/ zkhuh/ iru dq| | 5 ^3> \ `> f
Q
H
+|,  zH . O
Q 
L . |  Q +|,> dv lq +74,1 Dv Q jrhv rxw ri erxqgv/ fQ
H
+|l, frqyhujhv lq
glvwulexwlrq wr wkh qrqudqgrp frqvwdqw N D=




+|, gJ+|,  N D= +8:,
Dv glvfxvvhg lq wkh surri ri Sursrvlwlrq 6/ iru dq| Q / wkh lqwhuphgldu|*v h{0










lv jlyhq e| +75, dqg lv wkh lqwhuphgldu|*v frqvxpswlrq
udqgrp yduldeoh xqghu wkh jlyhq rswlpdo lqwhuphgldwlrq srolf|1 Wkhuhiruh wkh
lqwhuphgldu|*v sduwlflsdwlrq frqvwudlqw uhtxluhv HfQ
L





HQ +|l,  Q+O







Jlyhq wkdw/ dv glvfxvvhg lq wkh surri ri Sursrvlwlrq 6/ wkh qdo lqyhvwruv* sdu0






Q +|l,,  G




HQ +|l, @ QH
Q +|4,  Q+O
Q .D,= +8<,






+|l, @ zH . O
Q
 L . | HQ +|l,
 zH . O
Q
 L . |  OQ D
@ N D> +93,
dv fodlphg1
Qrz frqvlghu wkh hqwuhsuhqhxuv* h{shfwhg sd|r/
U
x+fQ+|,, gJ+|,> iurp




+=,,= Iurp +8:, dqg wkh





Q +|,, gJ+|,  xH+N D, +94,
iru doo Q= Pruhryhu wkh dujxphqw lq wkh surri ri Sursrvlwlrq 5/ zlwk az uhsodfhg
e| ND/ vkrzv wkdw iru dq|  A 3 dqg dq| vx!flhqwo| odujh Q / wkhuh h{lvwv









Q +|,, gJ+|,  N D =
Wklv lq wxuq lpsolhv wkdw wkh rswlpdo hqwuhsuhqhxu0rulhqwhg lqwhuphgldwlrq sro0









Q +|,, gJ+|,  N D  +95,




Q +|,, gJ+|, frqyhujhv wr xH+ND, dv Q jrhv rxw ri erxqgv1 Lq ylhz
ri +8:, dqg wkh vwulfw frqfdylw| ri xH+=,/ wklv lv rqo| srvvleoh li wkh frqvxpswlrq
sdwwhuqv fQ
H
+|l, frqyhujh lq glvwulexwlrq wr wkh frqvwdqw N D dv Q jrhv rxw
ri erxqgv1
Sursrvlwlrq 7 vkrxog eh frpsduhg wr d uhvxow ri Nudvd +4<;;, vkrzlqj wkdw
xqghu ulvn qhxwudolw| dq rswlpdo hqwuhsuhqhxu0rulhqwhg lqwhuphgldwlrq srolf|
zloo qhfhvvdulo| lqyroyh ghew qdqfh ri hqwuhsuhqhxuv zlwk uhsd|phqw ixqfwlrqv
aQ +=, ri wkh irup
aQ +|, @ zH . aO
Q
 L .plq+|> a|Q ,> +96,
zlwkrxw dq| olylqj doorzdqfh dqg fruuhvsrqglqj frqvxpswlrq sdwwhuqv afQ +=, ri
wkh irup
afQ +|, @ pd{+3> |  a|Q ,= +97,
Nudvd*v uhvxow lv edvhg rq wkh revhuydwlrq wkdw qrqshfxqldu| shqdowlhv lq wkh lq0
whuphgldu|*v rzq qdqfh frqwudfw lqgxfh d nlqg ri txdvl ulvn dyhuvlrq rq wkh vlgh
54
ri wkh qdqfldo lqwhuphgldu|1 D phdq suhvhuylqj vsuhdg lq wkh uhwxuqv dydlodeoh
wr wkh lqwhuphgldu| zloo sxw pruh zhljkw rq wkh wdlov ri wkh lqwhuphgldu|*v uhwxuq
glvwulexwlrq/ lqfoxglqj wkh orzhu wdlo zkhuh edqnuxswf| shqdowlhv duh qhhghg wr
suhvhuyh lqfhqwlyh frpsdwlelolw| ri wkh frqwudfw1 D phdq0suhvhuylqj vsuhdg lq
wkh uhwxuqv dydlodeoh wr wkh lqwhuphgldu| zloo wkhuhiruh udlvh h{shfwhg qrqsh0
fxqldu| shqdowlhv lq wkh lqwhuphgldu|*v rzq qdqfh frqwudfw dqg/ rwkhu wklqjv
ehlqj htxdo/ orzhu wkh lqwhuphgldu|*v h{shfwhg qhw sd|r1 Jlyhq wklv txdvl ulvn
dyhuvlrq ri wkh lqwhuphgldu| dqg jlyhq wkh ulvn qhxwudolw| ri hqwuhsuhqhxuv/ dq
rswlpdo lqwhuphgldwlrq srolf| zloo ohdyh dv pxfk ulvn zlwk wkh hqwuhsuhqhxuv dv
srvvleoh1 Jlyhq wkh ihdvlelolw| frqvwudlqw +57,/ wklv fulwhulrq vlqjohv rxw wkh frq0
vxpswlrq sdwwhuq +97, zklfk fruuhvsrqgv wr ghew qdqfh ri wkh hqwuhsuhqhxuv
zlwkrxw dq| olylqj doorzdqfh143
Lq frqwudvw/ Sursrvlwlrq 7 vkrzv wkdw zkhq wkh hqwuhsuhqhxuv dv zhoo dv
wkh lqwhuphgldu| duh ulvn dyhuvh wkh ulvn doorfdwlrq pd| eh uhyhuvhg1 Li wkhuh
duh hqrxjk hqwuhsuhqhxuv iru wkh odz ri odujh qxpehuv wr frph lqwr sod|/ dq
rswlpdo hqwuhsuhqhxu0rulhqwhg lqwhuphgldwlrq srolf| ohdyhv olwwoh ulvn zlwk wkh
hqwuhsuhqhxuv dqg lqvwhdg sodfhv doo ulvnv zlwk wkh lqwhuphgldu| dqg2ru wkh qdo
lqyhvwruv1 Ehfdxvh ri wkh odujh0qxpehuv hhfw/ wkh lqwhuphgldu|*v frqfhuq iru
wkh orzhu wdlo ri wkh glvwulexwlrq/ zklfk lv dw wkh khduw ri Nudvd*v dujxphqw/ lv
rxwzhljkhg e| wkh hqwuhsuhqhxuv* ghvluh wr jhw ulg ri ulvn dowrjhwkhu1
8 Ulvn DyhuvlrqZlwk Uhvshfw wr Ghidxow Shqdo0
wlhv
Lq wklv vhfwlrq/ L frqvlghu wr zkdw h{whqw wkh suhfhglqj uhvxowv ghshqg rq wkh
vshflfdwlrq ri qrqshfxqldu| shqdowlhv1 Lq Vhfwlrqv 6 dqg 7 sd|rv zhuh dv0
vxphg wr eh dgglwlyho| vhsdudeoh lq ghidxow shqdowlhv dqg frqvxpswlrq1 Wklv
dvvxpswlrq lv txlwh vshfldo1 Lw lv wr vrph h{whqw mxvwlhg li rqh fdq lghqwli| qrq0
shfxqldu| ghidxow shqdowlhv zlwk orvvhv ri ixwxuh rssruwxqlwlhv wkdw duh gxh wr
dgyhuvh lqwhuyhqwlrqv ri fuhglwruv1 Zlwk lqwhuwhpsrudo dgglwlyh vhsdudelolw| ri
xwlolw|/ rqh fdq wkhq lqwhusuhw sL+}, dv d frqglwlrqdo h{shfwdwlrq ri wkh suhvhqw
ydoxh ri wkhvh orvvhv zkhq wkh lqwhuphgldu| uhsruwv wkh uhwxuq uhdol}dwlrq }= Wklv
frqglwlrqdo h{shfwdwlrq ghshqgv rq wkh qdo lqyhvwruv* uhdfwlrqv wr wkh uhsruw
}/ qdpho|/ wkh +frqglwlrqdo, suredelolw| zlwk zklfk wkh| lqwhuyhqh wr lpsrvh
wkrvh ixwxuh rssruwxqlw| orvvhv rq wkh lqwhuphgldu| dv zhoo dv wkh dfwxdo orvvhv
zkhq wkh| gr lqwhuyhqh +vhh/ h1j1/ Sryho dqg Udlwk +4<<<,,1
Krzhyhu/ li rqh wklqnv ri ghidxow shqdowlhv lq whupv ri ghewru*v sulvrq/ orvv
ri vrfldo vwdqglqj/ dqg wkh olnh/ lw lv qr orqjhu fohdu wkdw dgglwlyh vhsdudelolw| lv
d vxlwdeoh dvvxpswlrq/ qru hyhq zkdw d vxlwdeoh dvvxpswlrq pljkw eh1 Dgglwlyh
vhsdudelolw| kdv wkh dznzdug lpsolfdwlrq wkdw wkh ghewru lv ulvn qhxwudo zlwk
uhvshfw wr wkh shqdow|1 Iru d jlyhq sdlu +f> s, ri vwdwh0frqwlqjhqw frqvxpswlrq
43Wkdw ghew lv wkh rswlpdo qdqfldo frqwudfw iru d ulvn qhxwudo hqwuhsuhqhxu dqg d ulvn dyhuvh
qdqflhu xqghu shuihfw lqirupdwlrq kdg dovr ehhq vkrzq e| Iuhl{dv/ vhh Iuhl{dv dqg Urfkhw
+4<<:,/ s1 <51
55
dqg qrqshfxqldu| shqdow|/ wkh h{shfwhg xwlolw| HxL+f,Hs ghshqgv rq s rqo|
wkurxjk lwv h{shfwhg ydoxh1 Rqh pd| wkhuhiruh zrqghu zkdw kdsshqv wr wkh
uhvxowv ri Vhfwlrqv 6 dqg 7 li wkh lqwhuphgldu| h{klelwv ulvn dyhuvlrq zlwk uhvshfw
wr qrqshfxqldu| shqdowlhv dv zhoo dv frqvxpswlrq1
Zlwkrxw dq| suhwhqvh ri jhqhudolw|/ L lqyhvwljdwh wklv txhvwlrq iru wkh fdvh
zkhq wkh lqwhuphgldu|*v yrq Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrq xL+=, lv gh0
qhg rq wkh hqwluh uhdo olqh udwkhu wkdq mxvw ?. dqg klv h{shfwhg sd|r iurp
d jlyhq sdlu +f> s, ri vwdwh0frqwlqjhqw frqvxpswlrq dqg qrqshfxqldu| shqdow| lv
htxdo wr HxL+f  s,1 Lq wklv vshflfdwlrq wkh qrqshfxqldu| shqdow| lv ghqhg
lq whupv ri htxlydohqw xqlwv ri frqvxpswlrq orvvhv/ dqg wkh lqwhuphgldu|*v ulvn
dyhuvlrq dhfwv klv dvvhvvphqw ri wkh shqdow| mxvw dv lw dhfwv klv dvvhvvphqw ri
klv frqvxpswlrq1 Vshfldo wkrxjk lw lv/ wklv irupxodwlrq wxuqv rxw wr eh frqyh0
qlhqw iru looxvwudwlqj zkhq dqg zk| wkh vshflfdwlrq ri ghidxow shqdowlhv pd|
pdnh d glhuhqfh wr wkh dqdo|vlv ri qdqfldo lqwhuphgldwlrq zlwk ulvn dyhuvlrq1
Jlyhq wkh xwlolw| vshflfdwlrq xL+fs,/ wkh lqwhuphgldu|*v sd|r h{shfwdwlrq
+5;, iurp dq lqwhuphgldwlrq srolf| +O> +=,> G> uL+=,> sL+=,, +zlwk prqlwrulqj
frpplwwhg h{ dqwh, lv uhsodfhg e|
]










+|l,,` gJ+|4,===gJ+|Q ,= +98,
Wkh txhvwlrq lv krz wklv prglfdwlrq dhfwv wkh yldelolw| ri lqwhuphgldwlrq dqg
wkh frpsdudwlyh dvvhvvphqw ri lqwhuphgldwlrq srolflhv e| wkh lqwhuphgldu|1
Wr dqvzhu wklv txhvwlrq/ L qrwh wkdw zlwk wkh xwlolw| vshflfdwlrq xL+f 
s, d vwdqgdug ghew frqwudfw zlwk edqnuxswf| srlqw a} iru wkh lqwhuphgldu| lv
lqfhqwlyh0frpsdwleoh li wkh shqdow| ixqfwlrq vdwlvhv
sL+}, @ pd{+3> a}  }, +99,
iru doo uhdol}dwlrqv } ri wkh lqwhuphgldu|*v jurvv uhwxuq144 Wkxv wkh lqwhuphgl0
dwlrq srolf| +O> +=,> G> uL+=,> sL+=,, wkdw lv jlyhq e| +64,0+67, dqg +99, zlwk
a} @ Q+|%, lv lqfhqwlyh0frpsdwleoh lq wklv vhwwlqj1 Wkh lqwhuphgldu|*v h{shfwhg






















|l Q+|  %,, gJ+|4,===gJ+|Q , +9:,
vlqfh reylrxvo| uL+}, . sL+}, @ Q+|  %, iru doo }=
44Dv lq Gldprqg +4<;7,/ rqh fdq dfwxdoo| vkrz wkdw uhjdugohvv ri wkh vshflfdwlrq ri wkh
lqwhuphgldu|*v ohqglqj srolf|/ lw lv rswlpdo iru klp wr eh qdqfhg e| d vwdqgdug ghew frqwudfw
zlwk d }hur olylqj doorzdqfh dqg shqdow| ixqfwlrq +99,1
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Wkh txhvwlrq ri zkhwkhu lq wklv vhwwlqj wkh lqwhuphgldwlrq srolf| +O> +=,> G>
uL+=,> sL+=,, lv dffhswdeoh wr wkh lqwhuphgldu| lv wkxv htxlydohqw wr wkh txhvwlrq ri
zkhwkhu dq h{shfwhg0xwlolw| pd{lpl}hu zlwk yrq Qhxpdqq0Prujhqvwhuq xwlolw|
ixqfwlrq xL+=, ghqhg rq wkh hqwluh uhdo olqh lv zloolqj wr dffhsw dq| vx!flhqwo|
odujh frpsrxqg ri wkh lqghshqghqw/ lghqwlfdoo| glvwulexwhg jdpeohv |l  | .
%> l @ 4> 5> ===> zlwk wkh frpprq h{shfwhg ydoxh % A 31 Wklv lv suhflvho| wkh
txhvwlrq wuhdwhg e| Qlhovhq +4<;8,1 Dffruglqj wr klv pdlq uhvxow +Sursrvlwlrq
4/ s179:/ vhh dovr Wkhruhp 5/ s1638/ lq Khoozlj +4<<8,,/ wkh dffhswdelolw| ri dq|
vx!flhqwo| odujh frpsrxqg ri wkh lqghshqghqw/ lghqwlfdoo| glvwulexwhg jdpeohv
|l  | . %> l @ 4> 5> ===> fdq eh d!uphg uhjdugohvv ri rwkhu surshuwlhv ri wkh
glvwulexwlrq ri |l  | . % li dqg rqo| li xL+=, vdwlvhv wkh iroorzlqj=
Frqglwlrq 8 Iru dq|  A 3> wkhuh h{lvwv f

5 ? vxfk wkdw iru dq| f  s ? f

/
xL+f s,  h
f> l1h1/ dv f s jrhv wr 4/ xL+f s, grhv qrw jr h{srqhqwldoo|
idvw wr 4=
Wr xqghuvwdqg wkh uroh ri wklv frqglwlrq/ uhfdoo wkdw wkh dqdo|vlv ri wkh yld0
elolw| ri qdqfldo lqwhuphgldwlrq uhvwv rq Ehuqvwhlq*v lqhtxdolw| lpso|lqj wkdw lq
dq Qirog frpsrxqg ri lqghshqghqw/ lghqwlfdoo| glvwulexwhg udqgrp yduldeohv/
wkh suredelolw| ri dq rxwolhu ri rughu ri pdjqlwxgh Q lv vpdoo/ h{srqhqwldoo| lq
Q 1 Li wkh qhjdwlyh zhljkwv dvvljqhg wr qhjdwlyh rxwolhuv ri rughu ri pdjqlwxgh
Q jurz ohvv wkdq h{srqhqwldoo| zlwk Q / dq| hhfw ri wkhvh rxwolhuv rq wkh gh0
flvlrq pdnhu*v dvvhvvphqw ri wkh frpsrxqg zloo eh vzdpshg e| wkh phdq Q%
jrlqj rxw ri erxqgv dv Q ehfrphv odujh1 Lq frqwudvw/ li wkh qhjdwlyh zhljkwv
dvvljqhg wr qhjdwlyh rxwolhuv ri rughu ri pdjqlwxgh Q duh h{srqhqwldoo| odujh/
wkhvh rxwolhuv qhhg qrw ehfrph qhjoljleoh dv Q jrhv rxw ri erxqgv1 Wkh ghflvlrq
pdnhu*v dvvhvvphqw ri dq| odujh frpsrxqg ri wkh jdpeohv |l  | . % zloo wkhq
ghshqg rq wkh ghwdlov ri wkh wudghr ri suredelolwlhv ehfrplqj h{srqhqwldoo|
vpdoo dqg qhjdwlyh zhljkwv ehfrplqj h{srqhqwldoo| odujh dv Q ehfrphv odujh1
Li wkh lqwhuphgldu|*v xwlolw| ixqfwlrq xL+=, vdwlvhv Qlhovhq*v frqglwlrq/ wkh
frqfoxvlrqv ri wklv sdshu derxw wkh yldelolw| ri lqwhuphgldwlrq dqg derxw rswlpdo
hqwuhsuhqhxu0rulhqwhg lqwhuphgldwlrq srolflhv uhpdlq ydolg zlwkrxw fkdqjh/ l1h1/
li prqlwrulqj lv frpplwwhg h{ dqwh dqg prqlwrulqj frvwv duh ohvv wkdq wkh djhqf|
frvwv ri gluhfw qdqfh/ wkhq iru odujh Q> lqwhuphgldwlrq lv yldeoh +Sursrvlwlrq 5,
dqg rswlpdo hqwuhsuhqhxu0rulhqwhg lqwhuphgldwlrq srolflhv surylgh hqwuhsuhqhxuv
zlwk dssur{lpdwho| ixoo lqvxudqfh ri wkhlu uhwxuq ulvnv +Sursrvlwlrq 7,1 Li prq0
lwrulqj lv fkrvhq h{ dqwh/ exw fdq eh pdgh frqwlqjhqw rq uhwxuqv/ wkh dqdorjrxv
frqfoxvlrqv iurp Vhfwlrq 9 dsso|/ l1h1/ zkhq Q lv odujh/ rswlpdo hqwuhshqhxu0
rulhqwhg lqwhuphgldwlrq srolflhv surylgh hqwuhsuhqhxuv zlwk dssur{lpdwho| wkh
rswlpdo lqfhqwlyh0frpsdwleoh frqwudfwv wkdw wkh| zrxog rewdlq lq frqwudfwlqj
zlwk d ulvn qhxwudo qrq0zhdowk0frqvwudlqhg qdqflhu1
Lq frqwudvw/ wkh dv|pswrwlf fkdudfwhul}dwlrq ri rswlpdo lqwhuphgldu|0rulhqwhg
lqwhuphgldwlrq srolflhv lq Sursrvlwlrq 6 grhv qrw fduu| ryhu wr wkh suhvhqw vhw0
wlqj xqohvv wkh lqwhuphgldu|*v xwlolw| ixqfwlrq xL+=, vdwlvhv d ixuwkhu frqglwlrq1
Wkh fkrlfh ri dq lqwhuphgldwlrq srolf| wr pd{lpl}h wkh lqwhuphgldu|*v sd|r
h{shfwdwlrq xqghu sduwlflsdwlrq frqvwudlqwv iru hqwuhsuhqhxuv dqg krxvhkrogv
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jrhv eh|rqg wkh txhvwlrq ri dffhswdelolw|/ l1h1/ wkh frpsdulvrq ri d jlyhq lq0
whuphgldwlrq srolf| zlwk wkh lqlwldo srvlwlrq ri wkh lqwhuphgldu|1 Wklv fkrlfh
uhtxluhv d frpsdulvrq ri glhuhqw srolflhv doo ri zklfk surylgh wkh lqwhuphgldu|
zlwk srvlwlyh qhw ehqhwv1 Dv wkh qxpehu ri hqwuhsuhqhxuv Q lqfuhdvhv/ wkh edvh
rq zklfk wkh lqwhuphgldu| froohfwv wklv ehqhw lv lqfuhdvhg dqg wkh lqwhuphgldu|
h{shulhqfhv d srvlwlyh lqfrph hhfw1 Wklv lqfrph hhfw lq wxuq zloo lq xhqfh klv
dwwlwxgh wrzdugv wkh ulvnv lqkhuhqw lq glhuhqw ohqglqj srolflhv1 Lq frqvhtxhqfh/
hyhq li Qlhovhq*v frqglwlrq krogv/ lw lv qrw jhqhudoo| wuxh wkdw li rqo| wkhuh duh
hqrxjk hqwuhsuhhqhxuv/ klv uhodwlyh dvvhvvphqw ri wzr ohqglqj srolflhv zloo rqo|
ghshqg rq wkh h{shfwhg qhw uhwxuqv shu eruurzhu1 Ulvn frqvlghudwlrqv pd| gulyh
klv fkrlfh ehwzhhq ohqglqj srolflhv uhjdugohvv ri krz odujh wkh qxpehu ri ordq
folhqwv pd| eh1
Iru wkh devwudfw ghflvlrq sureohp ri dq h{shfwhg0xwlolw| pd{lpl}hu zlwk yrq
Qhxpdqq0Prujhqvwhuq xwlolw| ixqfwlrq xL+=, fkrrvlqj ehwzhhq wzr frpsrxqgv
ri lqghshqghqw/ lghqwlfdoo| glvwulexwhg jdpeohv/ Khoozlj +4<<8, lqwurgxfhv wkh
dgglwlrqdo
Frqglwlrq 9 Iru dq|  A 3 dqg dq|  5 +3> 4, wkhuh h{lvwv af 5 ?. vxfk wkdw
xL+f, xL+f,  h
f . hf iru doo f  af1
Lq frpelqdwlrq zlwk Frqglwlrq 8 dqg frqfdylw| ri xL+=, rq ?./ Frqglwlrq 9 lv
qhfhvvdu| dqg vx!flhqw wr hqvxuh wkdw lq fkrrvlqj ehwzhhq wkh wzr frpsrxqgvS [l/
S \l/ wkh ghflvlrq pdnhu zloo h{klelw d suhihuhqfh iru wkh rqh zlwk wkh
kljkhu phdq/ uhjdugohvv ri rwkhu surshuwlhv ri wkh glvwulexwlrqv ri [l dqg \l>
li rqo| wkh qxpehu ri jdpeohv Q lq hdfk frpsrxqg lv vx!flhqwo| odujh +vhh
Wkhruhpv 7/ s1 643/ dqg 8/ s1 645/ lq Khoozlj +4<<8,,1 Jlyhq wklv uhvxow/
lw lv hdv| wr vhh wkdw wkh dv|pswrwlf fkdudfwhul}dwlrq ri rswlpdo lqwhuphgldu|0
rulhqwhg lqwhuphgldwlrq srolflhv lq Sursrvlwlrq 6 zloo uhpdlq ydolg lq wkh suhvhqw
vhwwlqj/ zlwk +98, udwkhu wkdq +5;, ghwhuplqlqj wkh lqwhuphgldu|*v dvvhvvphqw ri
lqwhuphgldwlrq srolflhv/ li dqg rqo| li wkh lqwhuphgldu|*v xwlolw| ixqfwlrq xL+=,
vdwlvhv Frqglwlrq 9 dv zhoo dv Qlhovhq*v +4<;8, Frqglwlrq 81
Frqglwlrq 9 lv mxvw voljkwo| zhdnhu wkdq wkh dvvxpswlrq wkdw wkh lqwhuph0






+f  s,> jrhv wr }hur dv
f  s jrhv rxw ri erxqgv145 Dv wkh qxpehu ri ordq folhqwv ehfrphv odujh/ dq|
lqwhuphgldwlrq srolf| wkdw hqdeohv klp wr hduq d vwulfwo| srvlwlyh h{shfwhg uh0
wxuq shu ordq folhqw zloo hyhqwxdoo| pdnh klv qdo frqvxpswlrq h{fhhg dq| jlyhq
erxqg zlwk d suredelolw| duelwudulo| forvh wr rqh1 Li klv ulvn dyhuvlrq jrhv wr }hur
dv klv frqvxpswlrq jrhv rxw ri erxqgv/ wklv phdqv wkdw klv hydoxdwlrq ri vxfk
lqwhuphgldwlrq srolflhv lqyroyhv doprvw h{foxvlyho| wkdw sduw ri wkh grpdlq ri
klv xwlolw| ixqfwlrq zkhuh klv ulvn dyhuvlrq lv vpdoo1 Dv|pswrwlfdoo| klv fkrlfhv
ehwzhhq lqwhuphgldwlrq srolflhv duh wkhq gulyhq rqo| e| wkh phdqv ri uhwxuqv
shu ordq folhqw wkdw wkh srolflhv jhqhudwh> ehlqj ulvn qhxwudo lq wkh olplw/ kh lv
45Vlploduo|/ Qlhovhq*v frqglwlrq lv mxvw voljkwo| zhdnhu wkdq wkh frqglwlrq wkdw wkh lqwhu0
phgldu|*v ghjuhh ri devroxwh ulvn dyhuvlrq jr wr }hur dv S frqyhujhv wr 3"1 Erwk Qlhovhq*v
frqglwlrq dqg Khoozlj*v frqglwlrq duh ylrodwhg li devroxwh ulvn dyhuvlrq lv hyhu|zkhuh erxqghg
dzd| iurp }hur1
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zloolqj wr dydlo klpvhoi ri dq| ulvn suhplxp wkdw ulvn dyhuvh hqwuhsuhqhxuv duh
zloolqj wr surylgh lq uhwxuq iru ehlqj gholyhuhg iurp uhwxuq ulvnv1
Lq vxppdu|/ li wkh xwlolw| vshflfdwlrq xL+f, s lv uhsodfhg e| wkh vshfl0
fdwlrq xL+f s,/ zklfk doorzv iru ulvn dyhuvlrq zlwk uhvshfw wr wkh shqdow| s dv
zhoo dv wkh ohyho ri frqvxpswlrq f/ doo wkh pdmru uhvxowv ri wklv sdshu uhpdlq
ydolg surylghg wkdw +l, wkh ehkdylrxu ri xL+=, dw odujh qhjdwlyh ydoxhv ri f  s
grhv qrw lqgxfh wkh ghflvlrq pdnhu wr dwwdfk h{srqhqwldoo| odujh zhljkw wr h{0
wuhph qhjdwlyh rxwolhuv/ dqg +ll, wkh ehkdylrxu ri xL+=, dw odujh srvlwlyh ydoxhv
ri fs grhv qrw lqgxfh wkh ghflvlrq pdnhu wr dwwdfk h{srqhqwldoo| vpdoo zhljkw
wr odujh srvlwlyh jdlqv iurp iroorzlqj wkh lqwhuphgldwlrq srolf| wkdw pd{lpl}hv
klv h{shfwhg uhwxuq1 Lw vhhpv uhdvrqdeoh wr frqmhfwxuh wkdw vxlwdeoh dgdswd0
wlrqv ri wkhvh frqglwlrqv zloo eh qhfhvvdu| dqg vx!flhqw wr hqvxuh wkh ydolglw|
ri dqdorjrxv uhvxowv xqghu rwkhu xwlolw| vshflfdwlrqv dv zhoo/ l1h1/ wr hqvxuh wkdw
li prqlwrulqj frvwv duh ohvv wkdq wkh djhqf| frvwv ri gluhfw qdqfh/ wkhq dv|ps0
wrwlfdoo|/ dv wkh qxpehu ri hqwuhsuhqhxuv wr eh qdqfhg jrhv rxw ri erxqgv/
lqwhuphgldwlrq ehfrphv yldeoh dqg rswlpdo lqwhuphgldwlrq srolflhv lqyroyh wkh
dvvxpswlrq ri doo uhwxuq ulvnv e| wkh lqwhuphgldu|1
Lq wkh dqdo|vlv ri Vhfwlrqv 507/ wkhuh zdv qr qhhg wr lpsrvh wkh dqdorjxhv
ri Frqglwlrqv 8 dqg 9 dv h{solflw dvvxpswlrqv1 Dq dqdorjxh ri Frqglwlrq 8
zdv lpsolflw lq wkh idfw wkdw wkh vshflfdwlrqv +67,/ +68, dqg +84,/ +85, ri ghew
frqwudfwv xvhg lq wkh surri ri Sursrvlwlrqv 5 0 7 lqyroyh qrqshfxqldu| shqdowlhv
jurzlqj olqhduo| zlwk vkruwidoov ri uhwxuqv iurp ghew vhuylfh reoljdwlrqv1 D
vxevwlwxwh iru Frqglwlrq 9 zdv lpsolflw lq wkh vshflfdwlrq +84,/ +85, ri ghew
frqwudfwv lqyroylqj olylqj doorzdqfhv wkdw duh odujh dqg qrqshfxqldu| shqdowlhv
wkdw duh vpdoo li wkh qxpehu ri hqwuhsuhqhxuv qdqfhg e| wkh lqwhuphgldu| lv
odujh> wklv qhxwudol}hv wkh lqfrph hhfwv ri wkh lqwhuphgldu|*v qdqflqj pdq|
hqwuhsuhqhxuv dqg hduqlqj srvlwlyh h{shfwhg uhwxuqv iurp doo ri wkhp1 Lqghhg li
olylqj doorzdqfhv lq ghew frqwudfwv zhuh wdnhq wr eh h{rjhqrxv/ wkh frqfoxvlrq
ri Sursrvlwlrq 6 zrxog qrw lq jhqhudo eh wuxh> lq wklv fdvh/ Frqglwlrq 9 zrxog
djdlq eh qhfhvvdu| +dqg/ zlwk Frqglwlrq 8/ vx!flhqw, iru rswlpdo lqwhuphgldu|0
rulhqwhg lqwhuphgldwlrq srolflhv wr eh dv|pswrwlfdoo| dvvxplqj doo ulvnv iurp
hqwuhsuhqhxuv1
Wkh suhfhglqj glvfxvvlrq udlvhv wkh lqwuljxlqj srvvlelolw| wkdw iru fhuwdlq
vshflfdwlrqv ri wkh lqwhuphgldu|*v suhihuhqfhv wkh dv|pswrwlf fkdudfwhul}dwlrq
ri ulvn vkdulqj xqghu rswlpdo lqwhuphgldwlrq srolflhv pd| ghshqg rq wkh uhodwlyh
edujdlqlqj vwuhqjwkv ri hqwuhsuhqhxuv dqg wkh lqwhuphgldu|1 Lq wkrvh fdvhv zkhuh
Frqglwlrq 8 lv vdwlvhg/ exw Frqglwlrq 9 lv qrw/ rswlpdo lqwhuphgldwlrq srolflhv
zloo dv|pswrwlfdoo| lqyroyh d ixoo wudqvihu ri uhwxuq ulvnv iurp hqwuhsuhqhxuv wr
wkh lqwhuphgldu| li wkh edujdlqlqj srzhu olhv zlwk wkh hqwuhsuhqhxuv/ exw qrw
li lw olhv zlwk wkh lqwhuphgldu|1 Wkh fkdudfwhul}dwlrq ri rswlpdo lqwhuphgldu|0
rulhqwhg lqwhuphgldwlrq srolflhv lq vxfk fdvhv lv dq lqwuljxlqj wrslf iru ixuwkhu
uhvhdufk1
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9 Ilqdqfldo Lqwhuphgldwlrq Zlwk Rxwfrph 0
Frqwlqjhqw Prqlwrulqj
Wr frqfoxgh wkh sdshu/ L vkrz wkdw wkh pdlq uhvxowv duh dovr ydolg lq wkh qdqfldo0
lqwhuphgldwlrq prgho ri Nudvd dqg Yloodplo +4<<5, lq zklfk doo uhwxuq yhulfd0
wlrq sureohpv duh kdqgohg e| prqlwrulqj1 Zkhuhdv wkh dqdo|vlv vr idu kdv uholhg
rq d prqlwrulqj whfkqrorj| zlwk dq h{ dqwh frpplwphqw ri uhvrxufhv e| wkh
lqwhuphgldu|/ Nudvd dqg Yloodplo dvvxph wkdw prqlwrulqj fdq eh frqglwlrqhg rq
wkh eruurzhu*v uhsruw derxw wkh uhwxuqv wkdw kh kdv rewdlqhg/ vr uhvrxufhv gh0
yrwhg wr prqlwrulqj duh rqo| ghwhuplqhg h{ srvw/ diwhu wkh dfwxdo vwdwh kdv ehhq
uhdol}hg1 Lq wkhlu prgho/ dq lqwhuphgldu| qdqflqj Q hqwuhsuhqhxuv wkurxjk
vwdqgdug ghew frqwudfwv/ zlwk prqlwrulqj lq wkh hyhqw ri ghidxow/ lv klpvhoi
qdqfhg e| vwdqgdug ghew zlwk prqlwrulqj lq wkh hyhqw ri ghidxow1
Wkh nh| dvvxpswlrq lv wkdw zkhq d eruurzhu uhfhlyhv ixqgv iurp vhyhudo
lqyhvwruv/ wkhq lq wkh hyhqw ri ghidxow hdfk rqh ri wkhp kdv wr prqlwru dqg
lqfxu prqlwrulqj frvwv1 Xqghu gluhfw qdqfh/ wklv lqyroyhv Q aKQ srvvleoh lq0
vwdqfhv ri prqlwrulqj zkhuh Q lv wkh qxpehu ri hqwuhsuhqhxuv dqg aKQ  QP
lv wkh qxpehu ri qdo lqyhvwruv surylglqj ixqgv wr dq| rqh hqwuhsuhqhxu1 Xq0
ghu lqwhuphgldwhg qdqfh/ wkhuh duh rqo| Q srvvleoh lqvwdqfhv ri prqlwrulqj
ri hqwuhsuhqhxuv e| wkh lqwhuphgldu| dqg KQ @ QP srvvleoh lqvwdqfhv ri
prqlwrulqj ri wkh lqwhuphgldu| e| qdo lqyhvwruv1 Li Q lv odujh/ wkh odwwhu duh
qhjoljleoh ehfdxvh/ e| wkh odz ri odujh qxpehuv/ wkh suredelolw| ri ghidxow e|
wkh lqwhuphgldu| lv h{srqhqwldoo| vpdoo/ dqg wkh djjuhjdwh +$, h{shfwhg frvw ri
krxvhkrogv prqlwrulqj wkh lqwhuphgldu| lv qhjoljleoh1 Wkxv wkh lqwhuyhqwlrq ri
wkh lqwhuphgldu| uhgxfhv h{shfwhg ryhudoo prqlwrulqj frvwv=
Wkh suhvhqw vhfwlrq vkrzv wkdw wkh uhvxowv ri Vhfwlrqv 6 dqg 7 fduu| ryhu
wr wklv prgho1 Lqghhg wkh fdvh iru lqwhuphgldwlrq dv dq lqvwlwxwlrq wr vxssruw
ulvn vkdulqj lv vwuhqjwkhqhg1 Iru vxssrvh wkdw Q lv odujh/ lpso|lqj wkdw wkhuh
duh pdq| upv dqg pdq| krxvhkrogv1 Wr vdyh rq prqlwrulqj frvwv/ iru odujh
Q> wkh qxpehu aKQ ri krxvhkrogv ohqglqj wr dq| rqh up gluhfwo| zloo eh pxfk
vpdoohu wkdq wkh wrwdo qxpehu KQ @ QP / dqg wkh glhuhqw eruurzhuv* ulvnv
zloo qrw eh vsuhdg hyhqo| dfurvv krxvhkrogv1 Zlwk lqwhuphgldwlrq/ uhwxuq ulvnv
duh djjuhjdwhg e| wkh lqwhuphgldu| dqg vkduhg hyhqo| ehwzhhq krxvhkrogv1
Dq lqwhuphgldwlrq srolf| lv djdlq jlyhq e| d frpelqdwlrq ri d ohqglqj srolf|
dqg d qdqfh frqwudfw iru wkh lqwhuphgldu|1 D ohqglqj srolf| lv qrz jlyhq e|
d wulsoh +O> +=,> EH+=,, vxfk wkdw/ dv ehiruh/ O lv wkh vl}h ri wkh ordq surylghg
e| wkh lqwhuphgldu| wr dq| rqh hqwuhsuhqhxu dqg +=, lv wkh hqwuhsuhqhxu*v
uhsd|phqw ixqfwlrq> EH+=, lv d ixqfwlrq wkdw lqglfdwhv zkhwkhu wkh uhsruw ri
d uhwxuq uhdol}dwlrq | e| wkh hqwuhsuhqhxu lv iroorzhg e| prqlwrulqj +EH+|, @
4, ru qrw +EH+|, @ 3,= Vlploduo|/ d qdqfh frqwudfw iru wkh lqwhuphgldu| lv
qrz jlyhq e| d wulsoh +G> uL+=,> EL+=,,/ zkhuh G lv wkh wrwdo ghsrvlw ri qdo
lqyhvwruv zlwk wkh lqwhuphgldu|/ uL+=, lv wkh lqwhuphgldu|*v uhsd|phqw ixqfwlrq/
dqg EL+=, lv d ixqfwlrq lqglfdwlqj dw zkdw uhwxuq uhdol}dwlrqv wkh lqwhuphgldu|
lv prqlwruhg1
Dq lqwhuphgldwlrq srolf| +O> +=,> EH+=,> G> uL+=,> EL+=,, lv fdoohg lqfhqwlyh0
5:
frpsdwleoh li erwk/ wkh ohqglqj srolf| dqg wkh qdqfh frqwudfw iru wkh lqwhuph0
gldu| duh lqfhqwlyh0frpsdwleoh1 Dv glvfxvvhg e| Wrzqvhqg +4<:<, ru Jdoh dqg
Khoozlj +4<;8,/ lqfhqwlyh frpsdwlelolw| ri wkh ohqglqj srolf| +O> +=,> EH+=,, lv
htxlydohqw wr wkh uhtxluhphqw wkdw +|,  UH iru doo | dqg vrph frqvwdqw
UH  3> zlwk htxdolw| zkhqhyhu EH+|, @ 3= Vlploduo|/ lqfhqwlyh frpsdwlelolw|
ri wkh qdqfh frqwudfw +G> uL+=,> EL+=,, iru wkh lqwhuphgldu| lv htxlydohqw wr wkh
uhtxluhphqw wkdw uL+},  UL iru doo } dqg vrph frqvwdqw UL  3> zlwk htxdolw|
zkhqhyhu EL+|, @ 3= Wkh qxpehuv UH dqg UL duh xvxdoo| lqwhusuhwhg dv ghew
vhuylfh reoljdwlrqv/ dqg wkh hyhqwv +=, ? UH dqg uL+=, ? UL dv ghidxow/ zlwk
prqlwrulqj/ l1h1/ EH+|, @ 4 dqg EL+}, @ 4> lq wkh hyhqw ri ghidxow1
Jlyhq dq lqfhqwlyh0frpsdwleoh lqwhuphgldwlrq srolf| +O> +=,> EH+=,> G> uL+=,>
EL+=,,/ wkh sduwlflsdqwv* h{shfwhg sd|rv duh
]
xH+zH . O L . |  +|,, gJ+|, +9;,
iru hqwuhsuhqhxuv/
H xL+zL .G Q+O.D, . }  uL+},, +9<,








l@4^+|l, . +4EH+|l,,D` +:4,
lv wkh lqwhuphgldu|*v jurvv uhwxuq1 L dvvxph zK A D.
4
P
+L.D,/ vr zlwk xK+=,
ghqhg rq ?.> +:3, lv dfwxdoo| zhoo vshflhg1
Wkh hqwuhsuhqhxuv* sd|r vshflfdwlrq +9;, lv wkh vdph dv +5:,1 Wkh lqwhu0
phgldu|*v sd|r vshflfdwlrq +9<,/ +:4,/ glhuv iurp wkh suhylrxv vshflfdwlrq
+5;, lq wzr uhvshfwv= Iluvw/ klv uhwxuq udqgrp yduldeoh } lqfoxghv qrw rqo| wkh
sd|phqwv +|l, iurp hqwuhsuhqhxuv l @ 4> 5> ===> Q / exw dovr/ iru l @ 4> 5> ===> Q /
wkh vdylqjv +4E+|l,,D lq prqlwrulqj frvwv wkdw rffxu dw wkrvh rxwfrphv zkhuh
kh grhv qrw kdyh wr prqlwru hqwuhsuhqhxu l= Vhfrqg/ wkh lqwhuphgldu| grhv qrw
vxhu d frvw iurp ghidxowlqj1 Ghidxow frvwv wdnh wkh irup ri prqlwrulqj frvwv ri
wkh qdqflhuv>/ dv vkrzq e| wkh whup EL+},D lq +:3,/ ghidxow e| wkh lqwhuphgl0
du| lpsrvhv wklv frvw rq hdfk krxvhkrog1 Qrwh wkdw zkhuhdv wkh qhw qdqfldo
uhwxuq +uL+},G,@QP ri d krxvhkrog ehfrphv vpdoo dv wkh qxpehu ri krxvh0
krogv KQ @ QP jrhv rxw ri erxqgv/ wkh prqlwrulqj frvw D wkdw wkh krxvhkrog
ehduv lq wkh hyhqw ri ghidxow e| wkh lqwhuphgldu|/ zklfk zdv qrw suhvhqw lq +5<,/
lv lqghshqghqw ri KQ > wklv uh hfwv wkh qrwlrq wkdw hdfk krxvhkrog grhv klv rzq
prqlwrulqj/ zlwkrxw dq| vkdulqj ri prqlwrulqj frvwv dfurvv krxvhkrogv1
Dv ehiruh/ dq lqfhqwlyh0frpsdwleoh lqwhuphgldwlrq srolf| lv fdoohg yldeoh li +l,
wkh lqwhuphgldu|*v h{shfwhg sd|r +9<, lv qr ohvv wkdq xL+zL, dqg +ll, wkh qdo
lqyhvwruv* h{shfwhg sd|r +:3, lv qr ohvv wkdq xK+zK,= Lq wkh uhpdlqghu ri wklv
5;
vhfwlrq L zloo dujxh wkdw li Q lv vx!flhqwo| odujh/ wkhq +l, d yldeoh lqwhuphgldwlrq
srolf| h{lvwv dqg +ll, dq| rswlpdo lqwhuphgldwlrq srolf| zloo lqyroyh d ohqglqj
srolf| wkdw lv forvh wr d Sduhwr0h!flhqw qdqfh frqwudfw iru dq hqwuhsuhqhxu dqg
d fwlwlrxv ulvn0qhxwudo qdqflhu zkr grhv qrw idfh d elqglqj zhdowk frqvwudlqw1
Wkhvh duh wkh dqdorjxhv ri wkh Sursrvlwlrqv 5 0 71
Wkh ohqglqj srolflhv dvvrfldwhg zlwk rswlpdo lqwhuphgldwlrq srolflhv zloo xvx0
doo| qrw surylgh hqwuhsuhqhxuv zlwk ixoo lqvxudqfh ri wkhlu uhwxuq ulvnv 0 hyhq
dv|pswrwlfdoo| dv Q jrhv rxw ri erxqgv1 Ixoo lqvxudqfh ri dq hqwuhsuhqhxu*v uh0
wxuq ulvnv e| wkh qdqflhu lv xvxdoo| qrw Sduhwr0h!flhqw hyhq li wkh qdqflhu lv
ulvn qhxwudo1 Ixoo lqvxudqfh ri uhwxuq ulvnv zrxog uhtxluh prqlwrulqj lq doo vwdwhv>
lq wkh suhvhqw frqwh{w/ zlwk wkh  h{lelolw| wr frqglwlrq prqlwrulqj rq uhsruwhg
rxwfrphv/ wklv pd| eh xqghvludeoh1 Lw lv xvxdoo| dgydqwdjhrxv wr prqlwru wkh
hqwuhsuhqhxu rqo| zkhq klv uhwxuq uhdol}dwlrqv duh orz dqg wr vdyh rq prqlwru0
lqj frvwv dw kljk uhwxuq uhdol}dwlrqv1 Wkh vfrsh iru wudqvihuulqj uhwxuq ulvnv wr
wkh qdqflhu lv wkhuhe| uhgxfhg/ exw wklv glvdgydqwdjh pd| eh rxwzhljkhg e|
wkh vdylqjv lq prqlwrulqj frvwv1
Wkh srlqw lv idploldu iurp Wrzqvhqg +4<:<,/ vhh dovr Jdoh dqg Khoozlj
+4<;8,= Lq frqwudfwlqj ehwzhhq d ulvn dyhuvh hqwuhsuhqhxu dqg d ulvn0qhxwudo/
qrq0zhdowk0frqvwudlqhg qdqflhu/ dq| frqwudfw lv grplqdwhg e| d ghew frq0
wudfw46 +O> +=,> EH+=,, vxfk wkdw iru vrph UH  3> %  3> dqg a|  3> +|, @ UH
dqg EH+|, @ 3 li dqg rqo| li |  a|> pruhryhu +|, @ zH . O  L . |  % iru
doo | ? a|= Xqghu vxfk d frqwudfw/ wkh hqwuhsuhqhxu*v frqvxpswlrq lv fH+|, @ %
li | ? a|> dqg fH+|, @ zH . O  L . |  UH @ fH+a|, . |  a| li |  a|= Wklv
lv frpsohwho| ghwhuplqhg e| wkh wkuhh qxpehuv a|> %> dqg fH+a|,> vr klv ryhudoo
h{shfwhg sd|r wdnhv wkh irup=
XH+a|> %> fH+a|,, @ xH+%, J+a|, .
] \
a|
xH+fH+a|, . |  a|, gJ+|,= +:5,
Wkh fwlwlrxv ulvn0qhxwudo qdqflhu*v h{shfwhg sd|r iurp vxfk d frqwudfw/ qhw
ri h{shfwhg prqlwrulqj frvwv/ lv
XI +a|> %> fH+a|,, @ zH  L .
] \
3
plq+|> a|, +%.D,J+a|, fH+a|,+4J+a|,,=
+:6,
Dv lqglfdwhg e| +:5,/ wkh hqwuhsuhqhxu rewdlqv ixoo lqvxudqfh rq ^3> a|, dqg qr
lqvxudqfh dw doo rq ^a|> \ `1 Wkh fkrlfh ri a| wkxv ghwhuplqhv wkh h{whqw ri ulvn
vkdulqj dv zhoo dv wkh lqflghqfh ri prqlwrulqj1 D Sduhwr0rswlpdo fkrlfh ri a|> %>
46Wklv xvh ri wkh whup ghew frqwudfw/ wdnhq iurp Wrzqvhqg +4<:<,/ lv qrw txlwh vwdq0
gdug= Ghidxow frqvxpswlrq 0 pd| 0 dqg dw dq rswlpxp zloo 0 h{fhhg wkh vpdoohvw qrqghidxow
frqvxpswlrq S.E	+ Wklv lv uxohg rxw li/ iroorzlqj Lqqhv +4<<3,/ rqh dvvxphv wkdw d eruurzhu
fdq ghvwur| uhwxuqv xqqrwlfhg ehiruh kh lv prqlwruhg/ ohdylqj wkh qdqflhuv wr prqlwru mxvw
zkdw lv ohiw1 Wklv dvvxpswlrq jhqhudwhv wkh dgglwlrqdo lqfhqwlyh frqvwudlqw wkdw S.E eh d
qrqghfuhdvlqj ixqfwlrq/ lq sduwlfxodu/ 0 $ S.E	+ Dw d Sduhwr0rswlpdo frqwudfw/ wklv frqvwudlqw
lv elqglqj/ dqg wkh qdqfh frqwudfw wdnhv wkh irup ri d vwdqgdug ghew frqwudfw zlwk olylqj
doorzdqfh 0 Iru wklv vshflfdwlrq wrr lw lv hdv| wr vkrz wkdw 	+ ' t fdqqrw eh rswlpdo1
5<










H+%,+% fH+a|,,  x
3
H+%,D> +:8,
wkh odwwhu lqhtxdolw| ehlqj vwulfw rqo| li a| @ 3= Wkh ohiw0kdqg vlgh ri +:8, lqglfdwhv
wkh pdujlqdo ulvn0vkdulqj ehqhw ri dq lqfuhdvh lq a|/ wkh uljkw0kdqg vlgh wkh
pdujlqdo hhfw ri vxfk dq lqfuhdvh rq h{shfwhg prqlwrulqj frvwv1 Rqh hdvlo|
vhhv wkdw lw fdqqrw eh Sduhwr0rswlpdo wr kdyh a| @ \ = Iru dq| a| forvh wr \ / +:7,
zrxog lpso| wkdw fH+a|, lv forvh wr % dqg khqfh wkdw wkh pdujlqdo ulvn0vkdulqj
ehqhw ri dq lqfuhdvh lq a|/ wkh ohiw0kdqg vlgh ri +:8,/ lv vwulfwo| ohvv wkdq wkh
pdujlqdo hhfw rq h{shfwhg prqlwrulqj frvwv rq wkh uljkw0kdqg vlgh ri +:8,1
Wkh pdlq uhvxow ri wklv vhfwlrq lv qrz jlyhq dv=
Sursrvlwlrq : Dvvxph wkdw wkh vhw ri wulsohv +a|> %> fH+a|,, iru zklfk XI +a|> %>
fH+a|,, A 3 lv qrqhpsw|/ dqg ohw X

H eh wkh vxsuhpxp ri XH+a|> %> fH+a|,, ryhu
wklv vhw147 Wkhq iru dq|  A 3 dqg dq| vx!flhqwo| odujh Q / wkhuh h{lvwv d yl0
deoh lqwhuphgldwlrq srolf| +OQ > Q +=,> EQ
H





hqwuhsuhqhxuv zlwk d sd|r qr ohvv wkdq X
H
 =




dqg XI +a|> %> fH+a|,, A 3= Iru dq| Q> ohw +O>+=,> EH+=,, eh wkh ordq frqwudfw
fruuhvsrqglqj wr wklv wulsoh +a|> %> fH+a|,,/ l1h1/ ohw O @ L> +|, @ zH . |  % dqg
EH+|, @ 4 li | ? a|> dqg ohw +|, @ zH . a|  fH+a|, dqg EH+|, @ 3 li |  a|=





+=,, iru wkh lqwhuphgldu| vr wkdw GQ @ Q+L .D,>
uQ
L
+},  plq+}>Q+L .D. ,,> +:9,
dqg EQ
L
+}, @ 4 li } ? Q+L . D . ,> EQ
L
+}, @ 3 li }  Q+L . D. ,= Fohduo|
wklv frqwudfw lv lqfhqwlyh0frpsdwleoh1
Jlyhq wklv vshflfdwlrq ri d ordq frqwudfw iru hqwuhsuhqhxuv dqg d qdqfh





+=,,= E| +9;, 0 +:6,/ h{shfwhg sd|rv iurp wklv lqwhuphgldwlrq
srolf| duh XH+a|> %> fH+a|,,  X

H
  iru hqwuhsuhqhxuv/
HxL+zL .pd{+3> } Q+L .D. ,, +::,
47Wklv vxsuhpxp lv qrw qhfhvvdulo| d pd{lpxp ri L.E	+c 0c S.E	+ xqghu wkh frqvwudlqw
wkdw L8 E	+c 0c S.E	+ D f Wkh uljkw0kdqg ri +:6, pd| eh qrqprqrwrqlf lq 	+1 Wkh Sduhwr
iurqwlhu pd| wkhuhiruh eh qrqprqrwrqlf/ dqg wkhuh pd| h{lvw d wulsoh E	+c 0c S.E	+ vxfk wkdw
L.E	+c 0c S.E	+ : L
W
.
dqg L8 E	+c 0c S.E	+ ' fc zlwk L8 $ f rq vrph rshq qhljkerxukrrg ri
E	+c 0c S.E	+1
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 +L .D,> `EQ
L
+},D, +:;,
iru krxvhkrogv/ zkhuh } lv djdlq jlyhq e| +:4,1
E| +::,/ wkh jlyhq lqwhuphgldwlrq srolf| lv reylrxvo| dffhswdeoh wr wkh lqwhu0
phgldu|1 Ixuwkhu/ e| wkh odz ri odujh qxpehuv/ wkh whup }@Q lq +:;, frqyhujhv
doprvw vxuho| wr H^+|l, . +4  EH+|l,,D` dv Q jrhv rxw ri erxqgv E| +:5,/
iru wkh jlyhq vshflfdwlrq ri wkh ordq frqwudfw +O> +=,> EH+=,,/ wklv lv htxdo
wr XI +a|> %> fH+a|,, . L . D @ 5 . L . D= Wkh whup plq^
}
Q
 +L . D,> ` lq
+:;, wkxv frqyhujhv doprvw vxuho| wr  dv Q jrhv rxw ri erxqgv1 Dw wkh vdph
wlph/ wkh whup EQ
L
+},D lq +:;, frqyhujhv doprvw vxuho| wr }hur1 E| Ohehvjxh*v
grplqdwhg0frqyhujhqfh wkhruhp/ lw iroorzv wkdw wkh krxvhkrogv* h{shfwhg sd|r
+:;, frqyhujhv wr xK+zK . @P,1 Vlqfh wklv lv juhdwhu wkdq xK+zK,> lw iroorzv






+=,, lv dffhswdeoh wr krxvhkrogv/ dqg khqfh lv yldeoh1 Wklv frpsohwhv
wkh surri ri Sursrvlwlrq :1
Sursrvlwlrq : kdv wzr hdv| fruroodulhv/ zklfk surylgh wkh dqdorjxhv ri Sursr0
vlwlrqv 5 dqg 6 lq Vhfwlrqv 6 dqg 7=
Fruroodu| ; Dvvxph wkdw wkh vhw ri wulsohv +a|> %> fH+a|,, iru zklfk XI +a|> %> fH+a|,,
A 3 lv qrqhpsw|/ dqg wkdw zK ? L  zH vr wkdw pruh wkdq rqh krxvhkrog
lv uhtxluhg wr qdqfh dq hqwuhsuhqhxu*v lqyhvwphqw1 Wkhq iru dq| vx!flhqwo|
odujh Q> wkhuh h{lvwv d yldeoh lqwhuphgldwlrq srolf| zklfk pdnhv hqwuhsuhqhxuv
vwulfwo| ehwwhu r wkdq dq| dffhswdeoh qdqfh frqwudfw wkh| fdq gluhfwo| rewdlq
iurp krxvhkrogv1
Surri1 Ohw +O> uH+=,> EH+=,, eh dq lqfhqwlyh0frpsdwleoh frqwudfw iru qdqf0
lqj hqwuhsuhqhxu l wkdw lv dffhswdeoh wr krxvhkrogv zkhq wkhuh duh aKQ ri wkhp
vkdulqj lw1 Wklv frqwudfw surylghv sduwlflsdwlqj d krxvhkrog k zlwk wkh h{shfwhg
sd|r




zkhuh {k lv wkh krxvhkrog*v djjuhjdwh qhw uhwxuq iurp rwkhu frqwudfwv/ dqg e|
dvvxpswlrq/ {k lv lqghshqghqw ri |l1 Dffhswdelolw| uhtxluhv wkdw +:<, eh qr ohvv
wkdq HxK+zK.{k,= Jlyhq wkdw xK+=, lv frqfdyh dqg {k dqg |l duh lqghshqghqw/
wklv lq wxuq uhtxluhv wkdw
HuH+|l, O aKQHEH+|l,D  3= +;3,
Vlqfh pruh wkdq rqh krxvhkrog lv uhtxluhg wr qdqfh wkh hqwuhsuhqhxu*v lqyhvw0
phqw/ aKQ  5> dqg +;3, lpsolhv
HuH+|l, O 5HEH+|l,D  3= +;4,
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Wkh hqwuhsuhqhxu*v h{shfwhg sd|r iurp wkh frqwudfw +O> uH+=,>EH+=,, lv
wkhuhiruh erxqghg deryh e| wkh pd{lpxp sd|r wkdw kh fdq jhw iurp frq0
wudfwlqj zlwk d fwlwlrxv ulvn0qhxwudo qdqflhu zkhq wkh prqlwrulqj frvw ri wkdw
qdqflhu lv 5D udwkhu wkdq D= Dv qrwhg deryh/ wkh uhvxowv ri Wrzqvhqg +4<:<, ru
Jdoh dqg Khoozlj +4<;8, lpso| wkdw lq frqwudfwlqj zlwk d ulvn0qhxwudo qdqflhu
dq| frqwudfw lv grplqdwhg e| d ghew frqwudfw zlwk prqlwrulqj li dqg rqo| li
|l ? a|> d olylqj doorzdqfh % zkhq prqlwrulqj rffxuv dqg d ghew vhuylfh reol0
jdwlrq zH . a|  fH+a|, zkhq prqlwrulqj grhv qrw rffxu1 Wkh hqwuhsuhqhxu*v
sd|r h{shfwdwlrq iurp wklv ghew frqwudfw lv XH+a|> %> fH+a|,,/ wkh fwlwlrxv
ulvn0qhxwudo qdqflhu*v sd|r h{shfwdwlrq/ zlwk prqlwrulqj frvw 5D udwkhu wkdq
D lv XI +a|> %> fH+a|,,J+a|,D=
Wkh hqwuhsuhqhxu*v h{shfwhg sd|r iurp wkh frqwudfw +O> uH+=,>EH+=,, lv
wkhuhiruh erxqghg deryh e| wkh pd{lpxp ri XH+a|> %> fH+a|,, ryhu wkh vhw ri
wulsohv +a|> %> fH+a|,, iru zklfk XI +a|> %> fH+a|,,  J+a|,D= E| lqvshfwlrq ri +:6,/zlwk
zK ? LzH dqg khqfh 3 ? LzH / wkh frqvwudlqw XI +a|> %> fH+a|,,  J+a|,D fdq
rqo| eh vdwlvhg li a| A 3> khqfh J+a|, A 3= Wkh pd{lpxp ri XH+a|> %> fH+a|,, ryhu
wkh vhw ri wulsohv +a|> %> fH+a|,, iru zklfk XI +a|> %> fH+a|,,  J+a|,D lv wkhuhiruh
vwulfwo| ohvv wkdq X
H
/ wkh vxsuhpxp ri XH+a|> %> fH+a|,, ryhu wkh vhw ri wulsohv
+a|> %> fH+a|,, iru zklfk XI +a|> %> fH+a|,, A 3= Jlyhq wklv revhuydwlrq/ wkh fruroodu|
iroorzv lpphgldwho| iurp Sursrvlwlrq :1
Fruroodu| < Dvvxph wkdw zH ? L dqg wkdw wkhuh h{lvwv h{dfwo| rqh wulsoh
+a|> %> fH+a|,, iru zklfk XH+a|> %> fH+a|,, @ X

H
dqg XI +a|> %> fH+a|,, @ 3= Iru dq| Q
wkdw lv odujh hqrxjk vr wkdw d yldeoh lqwhuphgldwlrq srolf| h{lvwv/ ohw +OQ > Q +=,>
EQ
H




+=,, eh dq rswlpdo hqwuhsuhqhxu0rulhqwhg lqwhuph0
gldwlrq srolf|/ dqg frqvlghu wkh lqgxfhg frqvxpswlrq sdwwhuq fQ
H
+|l, ri hq0
wuhsuhqhxu l> zkhuh/ iru dq| | 5 ^3> \ `> fQ
H
+|,  zH . O
Q  L . |  Q +|,>
dv lq +74,1 Dv Q jrhv rxw ri erxqgv/ fQ
H
+|l, frqyhujhv lq glvwulexwlrq wr wkh
udqgrp yduldeoh f4
H
+|l,> zkhuh/ iru dq| | 5 ^3> \ `> f
4
H
+|, @ %> li | ? a|> dqg
f4
H
+|, @ |  a| . fH+a|, li |  a|=
Surri1 Jlyhq wkdw xL+=, dqg xK+=, duh frqfdyh/ e| +9<, dqg +:3,/ yldelolw|
ri wkh srolf| +OQ > Q +=,> EQ
H













+},D  3= +;6,























Dorqj wkh olqhv ri wkh dujxphqw lq wkh surri ri wkh suhylrxv fruroodu|/ lw iro0
orzv wkdw iru dq| Q wkh hqwuhsuhqhxuv* h{shfwhg sd|r iurp wkh lqwhuphgldwlrq
srolflhv +OQ > Q +=,> EQ
H




+=,, lv ohvv wkdq X
H
= Lq ylhz ri
Sursrvlwlrq :/ wklv lpsolhv wkdw wkdw wkh hqwuhsuhqhxuv* h{shfwhg sd|rv iurp
wkh lqwhuphgldwlrq srolflhv +OQ > Q +=,> EQ
H







dv Q ehfrphv odujh1 Jlyhq wkh xqltxhqhvv ri wkh ordq frqwudfw
jhqhudwlqj wkh sd|r sdlu +X
H
> 3,/ wkh fruroodu| iroorzv lpphgldwho|1
D vlplodu dqdorjxh lv dydlodeoh iru Sursrvlwlrq 61 Wklv lv ohiw wr wkh uhdghu1
Lw vkrxog eh qrwhg wkdw/ dv lq wkh surri ri Sursrvlwlrq 6/ wkh dujxphqw uhtxluhv
wkh lqwhuphgldu|*v olylqj doorzdqfhv wr eh vhw hqgrjhqrxvo|/ dv d ixqfwlrq ri Q 1
Wr frqfoxgh/ L qrwh wkdw wklv vhfwlrq kdv dfwxdoo| lqwurgxfhg wzr prglfd0
wlrqv ri wkh edvlf prgho ri Vhfwlrqv 507/ qdpho| rxwfrph0frqwlqjhqw prqlwru0
lqj ri hqwuhsuhqhxuv e| wkh lqwhuphgldu| dqg rxwfrph0frqwlqjhqw prqlwrulqj ri
wkh lqwhuphgldu| e| qdo lqyhvwruv1 Wkhuh zdv qrw lqkhuhqw qhfhvvlw| wr lqwur0
gxfh erwk prglfdwlrqv mrlqwo|1 Rqh pljkw dovr kdyh frqvlghuhg/ h1j1/ d prgho
lq zklfk +l, wkh lqwhuphgldu| hpsor|v rxwfrph0frqwlqjhqw prqlwrulqj ri hq0
wuhsuhqhxuv dqg +ll, wkh qdo lqyhvwruv duh surwhfwhg e| qrqshfxqldu| shqdowlhv
lpsrvhg rq wkh eruurzhu zkhq kh uhsruwv orz uhwxuq uhdol}dwlrqv1 Lw lv hdv|
wr fkhfn wkdw zlwk vxlwdeoh uhirupxodwlrqv/ wkh pdlq uhvxowv ri wkh sdshu zloo
djdlq eh ydolg lq vxfk d prgho1 E| frpsdulvrq wr Sursrvlwlrq 5/ wkh fdvh iru
lqwhuphgldwlrq zrxog dfwxdoo| eh vwuhqjwkhqhg ehfdxvh wkh delolw| wr frqglwlrq
prqlwrulqj rq rxwfrphv surylghv pruh  h{lelolw| iru lqwhuphgldwhg qdqfh1 Wkh
vwdqgdug ri frpsdulvrq iru lqwhuphgldwhg yhuvxv gluhfw qdqfh lq wklv fdvh zrxog
qrw vlpso| eh jlyhq e| wkh prqlwrulqj frvw D/ exw e| wkh glhuhqfh ehwzhhq




frqwudfwlqj zlwk d fwlwlrxv ulvn0qhxwudo sduwqhu zkhq wkh lqflghqfh ri prqlwru0
lqj lv fkrvhq rswlpdoo|> wkh dqdorjxh ri Sursrvlwlrq 5 zloo krog zkhqhyhu X
H
h{fhhgv xH+ azH,> wkh ehvw wkh hqwuhsuhqhxu fdq jhw xqghu gluhfw qdqfh1
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